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A theorem of Lovidsz asserts that 7(H)/7*(H) <r/2 for every r-partite hypergraph H (where
7 and 7* denote the covering number and fractional covering number respectively). Here it
is shown that the same upper bound is valid for a more general class of hypergraphs: those
which admit a partition (V7,...,V}) of the vertex set and a partition py +...+pp of r such that
lenV;|<p; <r/2 for every edge e and every 1 <i<k. Moreover, strict inequality holds when r > 2,
and in this form the bound is tight. The investigation of the ratio 7/7* is extended to some other
classes of hypergraphs, defined by conditions of similar flavour. Upper bounds on this ratio are
obtained for k-colourable, strongly k-colourable and (what we call) k-partitionable hypergraphs.

1. Introduction

A hypergraph H is an ordered pair H=(V,E), where V=V (H) is a finite set
(the set of vertices) and E=E(H) is a non-empty collection of non-empty subsets
of V called edges. The set V is called the vertex set of H, the set E is the edge set
of H. The rank of H is r(H)=max{|e|:e€ E(H)}. If all edges of H are of size r,

then H is r-uniform, or simply an r-graph. (‘T/) denotes the hypergraph with vertex
set V' and edge set E, consisting of all subsets of V of size r.
The set {1,...,n} is denoted by [n].

A set TCV is called a cover (or a transversal) of the hypergraph H =(V, E) if
TNe#0 for every e€ F(H). The minimum cardinality of a cover of H is called the

covering number of H and denoted by 7{H). E.g., T([fl) =n—r+1 for all positive
integers n>r.
A set M CE is called a matching in the hypergraph H = (V, E) if all edges of

M are pairwise disjoint. The maximum cardinality of a matching in H is called the
matching number of H and denoted by v(H).
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Many problems of combinatorics can be formulated as the determination of the
covering number of a hypergraph. The exact calculation of the covering number
of an arbitrary hypergraph is known to be NP-hard. Hence the question of ‘good’
approximation of the covenng number is of great importance. One of the simplest
ways to estimate the covering number is by using the linear programming bound.

A fractional cover of the hypergraph H = (V,E) is a function g : V — R*
such that Y g(v) >1 for every e € E(H). The value of the fractional cover g is

vEe

lg|= > g(v). The minimum of |g| over all fractional covers of H is the fractional
veV

covering number of H, denoted by 7*(H).

Similarly, a fractional matching in H = (V,E) is a function f:E — RY such
that ) f(e) <1 for every v € V(H). The value of the fractional matching f

esv

is |[f|= 3 f(e). The maximum of |f| over all fractional matchings of H is the
eeF

fractional matching number of H, denoted by v*(H).

For every hypergraph H one has : 7(H) > 7*(H), v*(H) > v(H). It is easy
to see that the above two problems are in fact a pair of dual linear programming
problems. The Duality Theorem of Linear Programming asserts that:

(i) for every fractional cover g and every fractional matching f one has: [g|>|f];
(ii) 7*=v*
(iii) if g is an optimal fractional cover (i.e., [g|=7") and f is an optimal fractional
matching (i.e., |f|=v*), then:

f(e) > 0 implies Zg(’u) =1,

vEe

g(v) > 0 implies Z fle)=1.

edv

e

(These are the so called complementary slackness conditions.)

Example 1. H= ([n])
Define a fractional cover g : V — RT by g(v) = 1/r for every v € V and
a fractional matching f : E — Rt by f(e) = 1/ :L % for every e € E. Then

lg|=|f|=n/r, so g and f are an optimal fractlonal cover and fractional matching,
respectively, and 7*=v*=n/r.

As mentioned above, the fractional covering number may be used as an estimate
for the covering number. It is natural to ask how good this estimate is, or, in
other words, how large the ratio 7/7* can be for certain types of hypergraphs. A
very useful upper bound on the ratio 7/7* was obtained independently by Lovész
(3], Sapozhenko [6] and Stein [7]; this bound asserts that 7/7* <1+ logD, where
D=max,cy |{e:v€e}| — the maximum degree in the hypergraph H.
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In thig paper we focus on bounds based on the rank r=7r(H). Since the union
of a maximum matching forms a cover, we have r <rv, so 7 <r7r*. Even more is
true [5]: r7* >74+r—1, so 7/7* <r for every r > 1. The hypergraph H, = ([7:]),
n— o0, with 7(Hp)=n—r+1, 7*(Hyp)=n/r shows that the bound 7/7* <7 is tight
for general hypergraphs of rank r.

However, for certain types of hypergraphs this trivial bound can be improved.
For example, the famous theorem of Kénig asserts that T = 7* for any bipartite
graph (r=2) G=(AUB,E). This result motivates looking at the ratio 7/7*
hypergraphs that admit a vertex partition of some kind.

A natural generalization of bipartite graphs is r-partite hypergraphs. An r-
graph H=(V,E),r>2, is called r-partite if there exists a partition of the vertex set
V into subsets Vi,...,V;, such that for every edge e€ F one has: |enV;|=1, 1<i<r.
In 1975 Lovész proved [4]:

Theorem. 7(H)/7*(H)<r/2 for every r-partite hypergraph H.

This generalizes the Kénig Theorem. Since the proof of the theorem is based
on an idea which turns out to be very fruitful, it is worthwhile to give an outline
of the proof here.

Proof ([4], see also [1]). Let H =(V,E) be an r-partite hypergraph with a vertex
partition (V1,...,V;). Since 7*(H) is defined to be the value of an optimal solution
of an LP problem with integral coefficients there exists a minimal fractional cover
g:V —R* such that g(v) is rational for every v € V. Therefore we can choose an
integer d (as large as we want) so that g(v)d is integral for every v€ V. Define a
new function t:V —{0,1,...,d} by putting t(v):=g(v)d.

It is easy to see that for all integers r >2, m >0 there exists an r x (m+1)
matrix A=(ai;)i=1,..r,j=0,..,m with the following properties:
(i) every row of A is a permutation of {0,1,...,m};
(ii) the sum of every column is at most [H].

Let m= [ﬂé{—llj For every 0<j<m define a set Tj as follows:

T

Tj=U{U€V,~:t(v)>aij}.
=1

Then every T} is a cover. Indeed, suppose on the contrary that there exists an

edge e={v1,...,vr} € E(H) such that eNT;=0. It means that t(v;) <a;; for every
1<¢<r. But then

Soo =y 5 1 B
i=1 i=1

- a contradiction, since g is a fractional cover.
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Since each row of the matrix A is a permutation, for every v € V we have
Pl . m o
[{0<j<m:veT;}|<t(v). Then Y |Tj| < Evt(v) = dr*. Since every T} is a
' . 7=0 Ve

cover, we obtain:

5 |
T.
j=0 g dr*
T < < .
T om+1 T 2(d=1)
T
If d— oo, we obtain:
T
T < 57 |

Of course, for 7 =2 the bound of the previous theorem is tight, but for arbitrary
r the tightness question was open. We will answer it in the affirmative by building
an appropriate family of examples:iti Section 2 (see Example 2).

Let us make one step further and generalize the concept of an r-partite hyper-
graph in the following manner. An r-graph H=(V,E) is called a (p1,...,p;)-graph

k
for fixed positive integers py,...,pp with > p;=r if there exists a vertex partition
i=1

(V1,...,Vg) such that for every e€ F one has [eNnV;|=p;, 1<i<k. If every p; =1
we are back to the definition of an r-partite hypergraph. We will use an even more
general concept: a hypergraph H={(V,FE) is (p1,...,pg)-bounded for fixed positive
integers p1,...,pg if there exists a vertex partition (V1,...,V%) such that for every
e€ F one has [eNV;| <p;, 1<{<k. The question is again what can be said about
the upper bound on the ratio 7/7* for these types of hypergraphs. We managed to
obtain a complete answer which is contained in the following theorems.

k
Theorem 1. Let p1,...,p be positive integers with 3 p;=r>2 and suppose that
=1

p; <r/2 for every 1<i<k. If H is (p1,...,pi)-bounded then:

r
™H) 2
This bound is tight (even for (p1,...,py)-graphs).

k
Theorem 2. Let pi,...,p; be positive integers with > p;=r>2 and suppose that
i=1

pip >7/2 for some 1<ig<k. If H is (p1,...,pi)-bounded then:

< Pigy-

This bound is tight (even for (p1,...,py)-graphs).
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The above cited theorem of Lovész is a special case of our Theorem 1 (all p; =1).
Moreover, Theorem 1 shows that the weak inequality sign in Lovasz’ theorem can
be replaced by strong inequality. We prove these theorems in Section 2.

Let us turn now to hypergraphs that admit a vertex partition induced by
hypergraph colouring.

A k-colouring of the hypergraph H = (V,E) is a partition (C1,...,Cy) of the
set of vertices V into k classes (colours) such that every edge (of size at least two)
meets at least two classes of the partition. H is called k-colourable if it admits a
k-colouring.

Clearly, a k-colourable hypergraph of rank at most r is (py,...,pi)-bounded,
with py=...=pr=r—1. Thus, Theorem 1 provides an upper bound on 7/7* for

k
such hypergraphs. But here the rank r is much smaller than ) p;, so we can do
1=1
much better. The upper bound on the ratio 7/7* for k-colourable hypergraphs of
rank at most r is given by the following two theorems.

Theorem 3. Let 2< k< r be integers. If H is a k-colourable hypergraph of rank at
most r, then:
7(H)
T*(H)

<r-—1

This bound is tight.

Theorem 4. Let 2<r <k be integers. If H is a k-colourable hypergraph of rank at
most r, then:
T(H) k-1

(H) " Tk

T.

This bound is tight.

These results are described in Section 3. In a subsequent paper [2] the above
two theorems are applied to the design of approximation algorithms for the set
covering problem.

A strong k-colouring of the hypergraph H =(V, E) is a partition (C1,...,C)) of
the set of vertices V into k classes (colours) such that no colour appears more than
once in the same edge. H is strongly k-colourable if it admits a strong k-colouring.
Note that if k=7 then the definition of a strongly k-colourable 7-graph coincides
with that of an r-partite hypergraph.

A strongly k-colourable hypergraph is (1,...,1)-bounded (with k 1's). Hence,
by Theorem 1, the ratio 7/7* cannot exceed k/2 in such a hypergraph. Thus, for
the ratio 7/7* in a strongly k-colourable hypergraph of rank at most 7 we have two
upper bounds: k/2 and r. (We may improve on the latter by observing that strong
k-colourability implies k-colourability and invoking Theorem 4.) But we can do
better than the minimum of the above two bounds.

For the case k> (r —1)r we succeeded to find the exact upper bound for the
ratio 7/7%:
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Theorem 5. Let k,r > 2 be integers and suppose k> (r—1)r. If H is a strongly
k-colourable hypergraph of rank at most r, then:

r(H) k-r+1
< .
THH) ~ P

This bound is tight.

In the case r < k < {r—1)r the situation is not so clear. The best result we
succeeded to obtain is formulated in the following theorem.

Theorem 6. Let k,r>2 be integers and suppose r<k<(r—1)r. If H is a strongly
k-colourable hypergraph of rank at most r, then:

7(H) kr . (k=7 r
T*(H) < k+r + min (ﬂ_{u}’ E(l - {u}))7
where u=k?/(k+7) and {u}=u~— |u].

This result motivates

Conjecture 1. Let k,r >3 be integers and suppose r <k <(r—1)r. If H is a strongly
k-colourable hypergraph of rank at most r, then :
7(H) kr

7*(H) < k+r

We also conjecture that this bound is tight.

The bound of the above conjecture coincides with the bound of Lovasz’ theorem
for k=r and with the bound of Theorem 5 for k={(r~1)r. It should be mentioned
that the difference between the bounds of Theorem 6 and Conjecture 1 does not
exceed 3—2v/2. We consider this problem in Section 4.

We introduce now another generalization of r-partite hypergraphs. A hy-
pergraph H = (V,E) is called k-partitionable if there exists a vertex partition
(Ty,...,Ty) of the vertex set V into k covers T;, 1 <¢ < k. Again, in the case
k=r an r-partitionable r-graph is just an r-partite hypergraph.

The situation here is similar to that of the previous problem. For the case
r>(k—1)k we know a complete answer:

Theorem 7. Let k > 2,7 > 3 be integers and suppose r > (k— 1)k. If H is a k-
partitionable hypergraph of rank at most r, then:

7(H)

(H) <r—k+1.

This bound is tight.

For the case k<r < (k—1)k our result is:
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Theorem 8. Let k,r > 2 be integers and suppose k <r < (k—1)k. If H is a k-
partitionable hypergraph of rank at most r, then:

T{H) r? o f(r—k
T < i (- ()

(with {u} defined as in Theorem 6).
But we believe that the following is true:

Conjecture 2. Let k,r > 3 be integers and suppose k <r < (k—1)k. If H is a
k-partitionable hypergraph of rank at most r, then:

(H) r2

—_— < .
™(H) k+r
We also conjecture that this bound is tight.

Again, at the endpoints of the interval k <r <(k—1)k this conjecture coincides
with the previously cited results: the case k =r is again Lovéasz’ theorem while in
the case r=(k—1)k we obtain the bound from Theorem 7. The difference between
the bounds of Theorem 8 and Conjecture 2 is not more than 1. We discuss this
problem in Section 5.

Before starting our proofs let us write a few words about the ideas we are
going to use. Our main instrument is in a sense a generalization of the core idea of
Lovész’ proof. It is described in the following lemma.

Lemma 1. Let H=(V,E) be a hypergraph with a vertex partition (V1,...,V). Let
g:V — Rt be an optimal fractional cover of H with value |g| = 7*(H). Suppose
6>0, and the set BC [0,6]’c is such that for every Z=(z1,...,z1) € B the set

k
T(@) = |J{veViiglv) 2z}

=1

is a cover of H. If there exists a probability measure u defined on B (u(B)=1)
such that all marginal distributions p;, 1 < ¢ < k, are uniform on the interval
[0,8] (that is, if Z € B is randomly chosen according to the measure p, then
Pr{a<z;<b)=(b—a)/é for every 0<a<b<4 ), then:

7(H)
T(H)

<

) =

Proof. Let Z € B be randomly chosen from B according to the measure p. Define

a random variable Y =|T'(Z)| where T'(Z) is as defined above. Let us estimate the

expectation of Y. Due to linearity of expectation E(Y)= > E(Y,), where Yy, is
veV
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the indicator random variable for v € V being selected to 7. Since u has uniform
marginal distributions on the interval [0,6], for every 1 <i<k and for every v €V}
we have:

E(Yy) = Pr(veT)= Pr{g(v) > ;) = min(1,4(v)/6) < g(v)/é.

Then
E(Y)=) EY) <Y g(v)/6=r1"/6.
veV veV
Therefore there exists T € B such that |T(Z)| <7*/é, and since T(Z) is a cover for
every Z € B it follows that 7 <7*/6. ]

Of course, a probability measure u having uniform marginal distributions g;
is a continuous analog of the matrix A from Lovész’ proof. For each particular
problem considered in this paper, our strategy is to find an appropriate set B and
a measure y and to use Lemma 1. In some cases, when we will prove a strict
inequality for the ratio 7/7*, we will use not only the existence of such a measure,
but also its structure.

Although the above probabilistic method could be used to prove all our results,
in some cases we chose to present a proof by a more constructive method. That
other method proceeds by induction on the number of vertices and uses the above
mentioned complementary slackness conditions (1).

2. The ratio 7/7* in (p1,...,pr)-bounded hypergraphs

Recall first that a hypergraph H =(V,E) is (p1,...,pg)-bounded, for a fixed
k-tuple of positive integers {p1,...,p;), if there exists a vertex partition {(1,...,V})
such that for every edge e € E one has |enV;|<p;, 1<i<k. Itis a (p1,...,pr)-graph
if all these weak inequalities hold as equalities.

We begin this section with two families of examples of (p1,...,pg )-graphs which
will be used later on to show that the bounds of Theorems 1 and 2 are tight.

Example 2. Let r > 2 be fixed. For every positive integer n define an r-partite
hypergraph Hy, = (V,E) as follows. For every 1<i<rlet V;={z;;: 1<j<n}uU

T
{yij: 1<j<nr};let V= J Vi. Define a weight function h:V —{0,...,n} by
=1
h(z;j) =7, 1<i<n1<7<n;
h{yij) =0, 1<i<r1<j<nr
Now a set eCV is an edge of Hy, if and only if the following holds:
(i) lenV;]=1 for every 1<i<ry

(i) > h(v)>5.

vEe
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Obviously, Hy, is an r-partite hypergraph. To estimate from above its fractional
covering number, define a fractional cover g: V — R™ by putting g(v) = h(v) /5
for every veV. Then

2 hw)
veEV

2

™(Hp) < lgl = =n+1.

Now we have to evaluate the covering number of H,. Since the set
To = {veV:h(v)>[n/2]} is obviously a cover we obtain that 7(Hy) < |Tp| =
r({n/2]+1)<nr. Let us prove that 7(Hp)> 5. Let TCV be an optimal cover of
Hn, \T|=7(Hn)<nr. Then V;\T#0 for every 1<:<r. Define

l; =max{h(v):v e V\T}, 1<i<nr
Then |[TNV;| >n—1;. From the definition of H, and the fact that T is a cover it

i
follows that 3 I; <ZF. Therefore

i=1
r " . nrnr
|7 :Z\TﬂVi\ ZZ(n—li) :nr——zli > nr— > =37
=1 i=1 i=1

Now, when n— oo the ratio Tj*(%% > %_Lf— becomes larger than (r/2—¢) for every
fixed €>0.

Example 3. For every k-tuple of positive integers (p1,...,px) (k > 2) and every
integer n>p; we define a hypergraph H" = H"(py,...,p) =(V, F) in the following
way. Let V be the union of the pairwise disjoint sets V;, 1<i <k, of sizes |Vi|=n,
Vil = (;)pi, 2<e<k. For every 2 <i < k partition the set V; into (') classes

U},...,U(pl), each of size p;. Let Al,...,A(Pl) be the edges of the hypergraph

) )

(g}) Define now for every 1<j5< (:1) an edge e; € E(H™) as

k
— AJ J
e]—AJUUUi.
1=2

Then for every e,e’ € E(H™) one has eMe’ C V7, so every subset of V; of size p; has
its own continuation in the sets V3,...,Vj. The function g: V — Rt g(v):=1/p;
for every ve Vi, g(v):=0 for every v¢ V] is obviously a fractional cover of H™, so
T*(H™) < |g| =n/p1. It is easy to see that there exists an optimal cover T of size
|T|=T1(H™) such that T CV; (if v€T\V4, then there exists a unique edge e€ E(H™)
such that v€e, but then the set T'=(T\ {v})U{u} is an optimal cover too, where
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T2

b B[]

0 g(vo) 2 1

Fig. 1. The set B and the points Z* and §* from the proof of the case k=2 of Theorem 1

u is any vertex from enVy), so 7(H™) =T((Xi)) =n—p1+1. When n— oo, the ratio
;T*Lg;% z ﬁ%%j"l becomes larger than (p; —¢) for every fixed €>0.

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1. Let us first prove the case £ = 2. In this case according
to the theorem’s conditions p1 =p2 =7/2 > 1. Let H = (V,F) be a hypergraph
with a vertex partition (V1,V3) such that |enV;] <r/2 for every e€ E, i =1, 2.
Suppose g: V — RT is an optimal fractional cover of H with value |g| = 7*(H).
Define a set B and a measure p as required in Lemma 1 in the following way:

B = {(fcl,xz)e[o,?/r]z:xl+ac2=2/r} (see Fig.1), p is the uniform probability
measure on B (u(B)=1). It is easy to see that for every &= (z1,22) € B the set

TE)={veVi:glv) 2z} U{veVa:g(v)>xa}

is a cover of H (if there were an edge e € E(H) such that eNT(Z) =0 then we
would have g(v) < z; for every v € eNV] and g(v) < zo for every v € enVy, so
3 g(v) <zilenVi|+z2lenVa| < zir/2+429r/2 =1 — a contradiction since g is

vee

a fractional cover). Also, it is clear that y has marginal distributions p;, i=1,2,
uniform on the interval [0,2/r]. Hence as in Lemma 1 we obtain that if £ is randomly
chosen from B according to the measure p then

T(H) < B(IT(®))) = )_ min(1,g(v)r/2) < v/2lg| = r/27*(H).
veV
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We want to show more: 7(H) <r/27*(H). Note that if there exists a vertex
v €V with g(v) > 2/r, then E(|T(&)|) <r/27*(H), so suppose in the sequel that
g(v) < 2/r for every v € V. Also, we may assume that every set T' which is
realized as T'(Z) with positive probability has size |T|=r/27*(H), since otherwise
r(H)<min{|T(z)|:z€ B} < E(|T(Z)})=r/27*(H).

Let vp € V be a vertex with positive weight g(vp) > 0. Suppose without loss
of generality that vg € V1. Let Z* = (z7,23) € B be such that =] = g(vp). Since g
attains only a finite number of values, there exists a point §* = (y},y3) € B such
that y7 <] and there are no vertices in V; with weight g(v) strictly between «
and y}, i=1,2 (see Fig. 1). Therefore the set T(Z)=T remains unchanged in the
open interval between the points £* and §*. Note that every v €V} with g(v) >z}
and every v €V with g(v) >z} belongs to T. In particular, vg€T. Since the open
interval between Z* and §* has positive measure we have |T|=r/27*(H). We claim
that T7"=T\ {vo} is also a cover of H. Indeed, suppose on the contrary that there

exists an edge e € E such that eNT’ =0. Since T is a cover we have eNT = {vg}.
But then g(v) <z] for every veenVi\{vp} and g{v) <z} for every veenVs, so

Yoo =glw)+ Y g+ Y g) <zt (r/2- 1)} +r/205 =1

vEe vEeﬂVl\{vo} vEeNVy

— a contradiction. Hence we have 7(H) < |T'|=|T|—~1<r/27*(H) and the case
k=2 of the inequality has been established.

Now we are about to prove our theorem for the case k> 3. First, we reduce
this general case to the case k=3. The reduction is based on the following simple

k
Observation. Let py,...,pg, k>3, be positive integers with 5 p; =r and suppose
i=1
p; <r/2 for every 1 <i<k. Then there exists a partition of the set [k] into three
non-empty subsets I1,Iy,I3 such that Y, p;<r/2 for j=1,2,3.
iEI]'

Using this observation, we can prove

Proposition 1. Let py,...,pg be as above. If H=(V,E) is a (p1,...,p)-bounded
hypergraph then there exist positive integers s1,s2,s3 with s+ s9 + s3 = r and
51,82,53 <7/2 such that H is an (s, s9,s3)-bounded hypergraph.

It follows immediately from the above proposition that it suffices to prove the
bound for the case k=3. Moreover, the case when k=3 and one of the s; equals

7/2 may be further reduced, in a similar way, to the case k=2 which was already
handled above. So it remains to treat the case when k=3 and s;<r/2, j=1,2,3.

Suppose H = (V, E) is an (s1,592,s3)-bounded hypergraph with s1+sy+s3=r
and suppose without loss of generality that 0 < s3 <ss <sj <r/2. Let (W1, Vo, V3)
be a partition of the vertex set V such that |enV;|<s;, i=1, 2, 3, for every ec E.
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T2
2
T QS

7*
37*
BQ
N R
B4
e
0 e 5 =
g(vo) 2 1
B3 Bl

AN

Q1

r3
Fig. 2. The set B and the points Z* and §* from the proof of the case k=3 of Theorem 1

Let g:V —R" be an optimal fractional cover of H and f: E—R™ be an optimal
fractional matching in H with value |g|=|f|=7*(H).

Define now a set BC[0,2/7]3. Fix four points

s1+ 82 — 53 2 2 s9+83—35]
Ql = <_____) O’ _>? Q2 = <_’ _———_-7 O ’
ST T T Sor
$1+83—853 2 $1+82 —83 2
Q3: <“7 ) 0) ? Q4: (0)———_3-7—)
s1T r ST T

in [0,2/7]3 and denote

B'=[Q:1Qs], B’=1[Q3Q4, B*=[Q1Qs, B*=[Q2Q4],

where [Q;, Qi,] denotes the closed interval between the points Q;, and Q;, (see
Fig. 2). Now let

B=BluB?uBiuBL
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It is easy to check that the coordinates of the points Q1,Q9,Q3, Q4 satisfy the
equation s1z1 + s9z9 + s3rg = 1, and therefore this equation is satisfied by every
point Z={(x1,z2,23) € B. Then it follows that the set

T@E)={veVi:g(v) 2z} U{veVp:g(v) >z} U{veV3:g(v)> a3}

is a cover for every z=(z1,x3,23)€ B.

Define now a probability measure p on B. Let ,ui, 1 <1< 4, be the uniform
measures on the intervals B* such that

s1 + 53 — s3)(s2 + 83 — 51)

1ply_  2(p2y _ (
p(B) =p*(B%) = 253051 + 53 = 53)

: 53— s3)(s2 + 53 — 51 (s1 — s3)(s1 + s3 — s2)
MS(B3) — ( )( ) /L4(B4) — )(
s3(s1 + sg — 53) s3(s1 + 52 — s3)

and let p=pl+p?+ud+pt. (Note that u3 vanishes when sp = s3, in this case £1=1/r
along the interval B3. Also, u* vanishes when s1 = sg = s3, in this case z9 =1/r

4
along the interval B.) Since 3 u*(B*) =1, we have u(B)=1. Now we have to
=1
check that p indeed has marginal distributions p;, 1<i <3, uniform on the interval
[0,2/r]. For ua this is quite clear from Fig. 2. Since pq is obviously uniform on

each of the intervals [O, Slfﬁ"sz}, [51+8313T"s2 , 51+8312T_53], {SU';?T_S:* , %}, and since

in the first and the last of these three intervals the situation is the same (recall
pr(BY)=u?(B?%)) we have only to check that

3 Bg s1ts83—s83 _ s1+s3—so
42 ( ) S17 S1T
,LL2(B2) 51-+83—82

81T

b

which indeed holds. In a similar way one can check that the marginal distribution
2 is uniform on the interval [0,2/r], too.

At this moment, we have a set B C[0,2/7]? such that T(&) is a cover for every
Z € B and a probability measure p, defined on B and having marginal distributions
uniform on the interval {0,2/r]. Hence if Z € B is randomly chosen according to the
measure 4 then, as shown in Lemma 1,

T(H) < B(T@)|) = Y _ min(1,g(v)r/2) < r/27*(H).
veV

Recall that our aim is to prove that 7(H) < 7/27*(H). Again, if there exists a
vertex v €V with g(v)>2/r then E(|T(z)|) <r/27*(H), so suppose that g(v)<2/r
for every ve V. Also, we may assume that every set T which is realized as T'(%) with
positive probability has size |T|=r/27*(H). If all vertices v € V with g(v) >0 belong
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to V3, then for the set Top={v:g(v)>0} C V3 we obtain using the complementary
slackness conditions (1)

Tol= > 1= Y &)=Y flelenTol < Y fle)ss = ssm*(H),

veTy veTp e3v ecFE - ecE

and thus 7(H) <|Tp| < s37*(H) <r/27*(H). So suppose that there exists a vertex
vg € V1UVs with g(v) >0, say, vg € V] (the argument is similar in case vp € V). It is
easily verified that we can always choose one of the intervals B with u*(B*)>0 and
a point T* =(z],z3,23) € B® in such a way that z]=g(vp) and one of the variables
9 or x3 varies in the same direction as x1 along B? (that is, if we move along Bt
in the direction of decreasing z1, then z3 or z3 decreases too) (see Fig. 2); suppose
this variable is o (the argument is similar if it is z3). Since g attains only a finite

number of values, there exists a point §* = (y],¥5,y3) € B® with y} <z} and y5 <z}
such that there are no vertices v in V; with weight g(v) strictly between z} and
y¥, 1=1,2,3 (see Fig. 2). Therefore the set T(Z) =T remains unchanged in the
open interval between the points Z* and §*. Note that every veV; with g(v) >z}
and every v €V, with g(v) >z} and every ve V3 with g(v) >z} belongs to T'. Since
1([27]) >0, we have |T|=r/27*(H). We claim that T'=T\{vo} is also a cover. If

it is not, then there exists an edge e € F such that eNT’' =0, and so eNT = {v}.
Hence g(v) <z] for every v€enVy, g(v) <z} for every veenVa, g(v) <z for every
v€enVs, but then

Zg(v) = Z g(v) + Z g(v) + Z g(v) < s1z] + sgzh + szaf =1,

vEe vEeNV) vEeNnVy vEeNVy

and we reach a contradiction. So we have 7(H)<|T'|=|T|-1<r/27*(H).

The tightness of the proven bound follows from Example 2. This example shows
also that the bound remains tight even for the class of r-partite hypergraphs. |

Remark. Using the observation and the proof of the theorem we can prove the
following general proposition, which will be used in the sequel.

k
Proposition 2. Let p1,...,p; be positive integers with . p;=r and suppose p; <r/2
=1
for every 1<i<k. Then there exists a k-dimensional random variable E=(&1,..,€k)

k
whose values lie in the set {i: (z1,...,25) €[0,2/7]%: 3 piw; 21}, such that each
=1
&, i=1,...,k, is uniformly distributed on [0,2/r].

Proof. If k=2 (and then p; = py =1/2), let £ be distributed uniformly on the
interval joining (0,2/r) and (2/r,0). If k > 3 then, according to the observation,



ON A THEOREM OF LOVASZ 163

there exists a partition of the set [k] into three non-empty subsets I, 12,3 such

that ) p;=s; <r/2, j=1,2,3. Let ¢ = (¢1,(2,(3) be a 3-dimensional random
el

variable whose distribution is given by the measure p defined in the course of the

proof of Theorem 1. Now, define §; = (; if < € I;. The resulting k-dimensional

random variable £ =(£1,...,£) is easily seen to satisfy the requirements. ]

Proof of Theorem 2. Theorem 2 is a straightforward consequence of Theorem 1.

k
Let H be a (pi,...,pg)-bounded hypergraph with 3 p;, = r and suppose

=1
k
p1>7/2. Denote p| =p1, ph=p2+2p1 —r, pj=p;, 3<1<k,7'=3 p,=2p;. Then
=1
H is obviously a (pf,...,p})-bounded hypergraph with p, <r'/2 for every 1<i<k.
So it follows from Theorem 1 that 7(H)<r'/27*(H)=p7*(H).
The tightness of the bound follows from Example 3. 1

3. The ratio 7/7" in k-colourable hypergraphs

In this section we prove Theorems 3 and 4. First we show that the bounds given
in these theorems cannot be improved. For Theorem 3, consider the hypergraphs
H™=H"(r—1,1) — as constructed in Example 3. Clearly, H" is 2-colourable (V;
and Vo may be taken as the colour classes) and hence k-colourable for every k> 2.
As shown in the analysis of Example 3, when n— oo we have 7(H™) /7*(H") >r—1—¢
for every fixed € > 0. For Theorem 4, consider the hypergraph H = ([(T_Tl)k]). A

k-colouring of H is obtained by partitioning V (H) into k classes of size 7 —1 each.
As shown in Example 1,

T(H) (r-Dk-r+1 k-1
™H)  (r-Dk/r k&

r.

Proof of Theorems 3 and 4. The proofs of the two theorems go along the same
lines, so we present them jointly, indicating the differences where relevant.
Suppose that the theorem fails, and let H=(V,E) be a counterexample with

smallest number of vertices. Then we must have |J e=V(H). Let g:V(H)—R™*
ecE

be a minimal fractional cover of H and f: E(H) — RT be a maximal fractional

matching in H with value |g|=|f|=7*(H). Consider two possible cases.

Case 1: g(v)>0 for every veV, and le| >2 for every ec E.
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Then according to the complementary slackness conditions (1)

V=Y 1=3 Y fe)=D_fE)le <r > fle)=rr*(H),

veEV veV edv ecE ecl
SO
14
T

(2) TH(H) 2

On the other hand, the union of every (k—1) colour classes of H is obviously
a cover of H, so

(3 r(H) < SV,

(2) and (3) yield
7(H) < k-1

— < —7
™H) -~ k
and since E—E—1r<r—1 if k <r we obtain a contradiction to the choice of H.
Case 2: either there exists a vertex vy with g{ug) =0, or there exists an edge
ep with |eg|=1.
We establish first the existence of a vertex vy with g(vg) > 1/(r —1). If the

first subcase holds, let eg be an arbitrary edge containing ug. Since |eg| < r and
>~ g(v)>1, there exists a vertex vg € eg such that g(vp) >1/(r—1). If the second

vEeg
subcase holds with eg={vg}, then g(vp)=1>1/(r-1).

Let vp satisfy g(vg) >1/(r—1). If {vp} is a cover of H then 7(H)=1*(H)=1
and H is not a counterexample. So we may consider the hypergraph H' = H — vy
obtained by deleting vy and the edges going through it. Since H' is also k-colourable

and of rank at most r, it follows from the choice of H that the theorem’s bound
holds true for H'. Obviously,

(4) T(H) < 7(H') +1

(if TCV(H') is a cover of H', then TU{vg} is a cover of H). On the other hand, the
function g': V(H') —R" defined by ¢'(v):=g(v) for every ve V(H') is a fractional
cover of H', so

1

(5) (8 < lg'| = lg| - glwo) < T(H) — —.

In the case k<r we have T(H') < (r—1)7*(H'), so it follows from (4) and (5)
that
1

T(H) < 7(H)+1 < (r=1)7*(H")+1 < (r—1) <T*(H) - 7—:_—1—)+1 = (r—1}7*(H),
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while in the case k> we have 7(H') < &L r7*(H') and so

r—1

— k-1 1
r(H)<7(H)+1< kk 17":'*(H')+1 < P T(T*(H)— >—f—1

k-1 k-1 r 1<k—1
kK r—-1 -k

rT*(H),

in both cases obtaining a contradiction to the choice of H. 1

4. The ratio 7/7* in strongly k-colourable hypergraphs

The hypergraph H = ([ff]) is strongly k-colourable and satisfies, as we have
seen, 7(H)/m*(H)= I—“%lr. In the case k> (r — 1)r this example is extremal, as
asserted in Theorem 5.

Proof of Theorem 5. Suppose that the theorem is false, and let H = (V,E) be a

counterexample with smallest number of vertices. Then we must have |J e=V.
ecE

Let g:V —R* be an optimal fractional cover of H and f: E —R' be an optimal
fractional matching in H with value |g|=|f|=7*(H). Consider two possible cases.
Case 1: g(v) >0 for every veV, and |e|=7 for every e€ E.

Then it follows by applying (1) to g and f (see Case 1 in the proof of Theorems
3 and 4) that

(6) T*(H) > %

But the union of every (k—r+1) colour classes is obviously a cover of H, so

k—r+1
) ]
Comparison of (6) and (7) gives

T(H) < k—r+1
T(H) ~ k

r

—— a contradiction to our assumption about H.

Case 2: either there exists a vertex ug with g(ug) =0, or there exists an edge
ep with |eg] <r—1.

The argument in this case follows closely the one of Case 2 in the proof of
Theorems 3 and 4, so we omit the details. To get the argument started, observe that
in either one of the two subcases there is an edge eg such that [eg{ve V:g(v) >0} | <
r—1, and therefore there is a vertex vg €eg with g(vg) >1/(r—1). |
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Proof of Theorem 6. Let H=(V,E) be a strongly k-colourable hypergraph of rank

at most 7, with colour classes C1,...,C. Let g:V —R* be an optimal fractional
cover with value |g|=7*(H).

Let o be the cyclic permutation on [k]. We shall refer below to the action of &
on R, which takes the form o(z1,3,...,2) = (22,23,...,2,21).

We shall prove the theorem by establishing the conditions required in Lemma
1. Since the general case involves some messy details, we present first the argument

in the case when u:kz/(k+r) is an integer. Then t=kr/(k+7) is also an integer,

since u+t=k. We have to prove, in this case, that :* I;I) <t. Let

1 1

le (07“-70’_,"',_)’
Nt t

u times

1 1
Q2= <_7"'7—>7

T T

N——

k times

and let B9 = [Q1Q2], that is, BY is the closed interval in R¥ joining Q1 and Q3.
For i=1,...,k—1, define B*=¢"(BP), and let

k-1
B=J B
=0

Clearly BC[0,1/#]%. It can be checked that for every Z=(z1,...,2;) € B the
sum of the largest » components equals 1, and hence the set

k
7(z) = J{veCi:gv) >z}

=1

is a cover of H.
Now, let ;i* be the uniform measure on B® with y*(B*)=1/k, =0, 1, ..., k-1,

k-1 |

and let p= u#*. Then p is a probability measure on B. For a given j, 1 <j <k,
i=0

there are u values of ¢ for which the marginal distribution ,u;- is uniform on [0, %]

and £ values of ¢ for which ,uj- is uniform on [%,% . It follows that the marginal

distribution p; is uniform on [0, %] for every 1 <j<k. All the conditions of Lemma

1 are satisfied, and we conclude that ;t,,ﬁ(é% <t. We remark that this inequality can

be shown to be strict except if £=(r —1)r (by an argument similar to that given
for strict inequality in Theorem 1).
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In the case when u = k2/(k+7) and t = kr/(k +7) are not integers, we
establish the upper bound on 7(H)/7*(H) by giving two constructions satisfying
the conditions of Lemma 1, corresponding to two values of §, namely é§; and 69,
where:

1 kr k—r k2 — (k—71)|u]
P S PR
1 kr T ru]

5 ke TR =

The two constructions represent two different adaptations of the construction
for integral u described above, in which the role of u is played by the lower and
upper integer parts of u respectively.

First construction. The ([t]+1)-tuple (po,p1,...,p[y), Where po=(r —[t])[u]
and p;1=...= P = [t] satisfies the conditions of Proposition 2. Indeed, let us
denote by s the sum of the p;, i.e.,

]
s=y pi=(r—[thlu]+[]%

1=0

Then, in order to check that each p; <s/2, it suffices to check that:
(@) (r =) lu) <13,
(i) [t]>2.
The first condition is equivalent (using |u]=k—[t]) to [t] >kr/(k+r), which
of course holds. If the second condition failed, it would mean that ¢t <1 (since we

assume that ¢ is not an integer), so kr < k+7, but this cannot be the case when
2<r<k.

Thus, according to Proposition 2, there exists a ([t]+1)- dimensional random
variable 7= (19,71, ... ,nm) whose values lie in the set

[t]
7= (0,51, yp) € 0,2/s] 1Y gy =17,
i=0

such that each 7;, 0 <i < [t], is uniformly distributed on [0,2/s]. Now, define a
k-dimensional random variable £= (£1,...,£;) by:

o s|u]

R sy
s(t] , 2|u

Ly

no fori=1,..., |u},

§LUJ+i=k2—(k—r)[an fori=1,...,[¢t].
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The parameters of this transformation were chosen so as to make §;;- 1 <:< |u],
uniformly distributed on [0, J-7%161] and §|y|44, 1 <9< [t], uniformly distributed on
[1%161,61]. The sum of the largest r components of £ can be computed as:

[t]
S[t] 21u) - s|u]
g(kt(k T E ) T ™

[t] 2[“ |[¢] s +2[ul[t]
= T mez “(k-r)u]  K-(k-r)|u]

The same holds true for each of the permuted random variables o*(£), i=1, ...,
k—1. Hence, denoting by B* the range of Ui(f_), we know that for every 0<i<k-—1
and for every #=(z1,...,23) € B’ the set

T(z) =

Ca~

{veC;:glv) 2z}
j=1

is a cover of H. Let the measure u* on B be the distribution of o*(£). Let

k-1 | k-1
B=|J B* and let pp = 715 > p*. Then it can be seen that the set B and the
1=0 =0
probability measure i on it satisfy all the conditions of Lemma 1, enabling us to
conclude that 7(H)/7*(H)<1/é;.

Second construction. Let

k times

and let BO= [@1Q2]). The sum of the largest r components is Flu[ <kt _1at Q1

u| — U
and equals 1 at ()9, and therefore is at most 1 at every point of BP. We may proceed

as in the integral case, taking BY and its cyclic shifts and the uniform measure on
them, verifying that the conditions of Lemma 1 are satisfied, and concluding that

T(H)/T(H)<1/6;. ]
A few words about the bound in Theorem 6. As one can see, the deviation of

<k:'r

this bound from the conjectured bound = H T

™(H
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(of kr and k2 by k+7). As we have already mentioned in the introduction, this
deviation does not exceed the constant 3 —2v/2.

What about examples? Consider the first non-trivial case r = 3,k =4. The

hypergraph H = ([gl) has _:* IL) = % In Example 2 (with r=3) the ratio ;‘Cé(%% - —32—

Using a variation of the construction in Example 2, we succeeded to build an

example with the ratio —4

—(‘——LT*(H) =21.7, which is not so far from the conjectured bound

12/7. But we do not have examples with TTJ*(EHL) — %2— The best upper bound we

know for this case is 7/4, given by Theorem 6.

5. The ratio 7/7* in k-partitionable hypergraphs

Recall that a hypergraph H =(V,E) is called k-partitionable if the vertex set
V can be partitioned into k covers Ty,...,T}.

In order to see that the bound of Theorem 7 cannot be improved, consider the
hypergraphs
H'=H"r-k+1, 1,...,1)
S —
k—~1 times

as constructed in Example 3. Clearly, H™ is k-partitionable and r-uniform. As
shown in the analysis of Example 3, when n— oo we have 7(H™)/7*(H"™) > r~k+1—¢
for every fixed ¢ >0.

Proof of Theorem 7. Let H = (V,FE) be a k-partitionable hypergraph of rank at
most 7, and let (T1,...,7}) be a partition of the vertex set V into k covers. Suppose

g:V —R* is an optimal fractional cover with value |g|=7*(H).
Define a set BC[0,1/(r —k+1)]F. First define (k+1) points Q%,...,Q’f,QQ in
[0,1/(r —k+1)]* as follows.

Q4 =(0,...,0,1/(r —k+1),0,...,0), 1<i<k,
| —

i

0o (k=1 k-1 ko1
2= (k('r—k+1)’k(r—k+1)’”"k(r—k—l—l))'

Now define k intervals B!, ..., B¥ by

B'=[QiQy), 1<i<k

and let
B=B'u...uB*.
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It is easy to check that under the theorem’s conditions (r > (k —1)k) for every

k
point & = (z1,...,7x) € B and for every 1< j <k we have (r—k)z; 4+ ) z; <1.
i=1
Therefore the set
k

T(z) = J{ve T g(v) >z}
i=1
is a cover of H for every £ € B. (Indeed, suppose on the contrary that there exists
a point Z = (1,...,2;) € B and an edge e € E(H) such that eNT(Z) = 0. This
means g{v) < x; for every v€eNT;, 1<i<k. Let z; =max{z;:1<i<k}. Then
since |eNT;|>1 for every 1<i<k and |e| <r, we have

k

k
> 9(0) <Y lenTilei < (r—kK)zj + )z < 1
1=1

vEe i=1

— a contradiction since g is a fractional cover).

Define now a probability measure p on B. Let ,ui, 1 <4<k, be the uniform
measures on the intervals B such that u*(B*)=1/k, 1<i<k, and let

u=ﬂ1+...+uk.

The marginal distributions of u are uniform on each of the two intervals
[0, %:llcﬂ] and [&;—1;%_{_-1, r_—llc—+_1] Note that the first interval is (k — 1)
times longer than the second one. Since every coordinate z; runs through the first

interval in every BY, j £ 1, and through the second one in B?, we obtain that all
marginal distributions u;, 1<i<k, are uniform on the interval [0,1/(r —k+1)).

Now, if Z€ B is randomly chosen from B according to the measure y we have
as in Lemma 1

7(H) < E(|T(@)|) < (r — k+ 1)7*(H).
Using ideas similar to those in the proof of Theorem 1, one can show that

r(H) < (r —k+1)7*(H).
We omit the details. |

Proof of Theorem 8. Let H = (V,E) be a k-partitionable hypergraph of rank at

most 7, and let (71,...,T§) be a partition of V into k covers. Let g:V—RY be an
optimal fractional cover with value |g|=7*(H).

The proof has a similar structure to that of Theorem 6. We prove the upper
bound on 7{H)}/7*(H) by establishing the conditions required in Lemma 1. We

present first the argument in the case when u =k2/(k+r) is an integer. In this
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case t=kr/(k+r) is also an integer (u+t=k), and so is w=r2/(k+r) (note that
w=7r—k+u). We have to prove that 7(H)/7*(H)<w. Let

1 1
le (_,"'a—voa"'a0>7
w W, N —

- t times
u times
1 1
Q2: (_7"-,_>a
r T
e —r’
k times
and let BY= [Q1Q2] For every point T=(z1,...,2) € BY and for every 1<j <k

we have (r —k)z; + Z x; <1 (the left-hand side is largest when 1<j<wu, and then
=1
it equals 1). As explained in the proof of Theorem 7, this implies that the set

is a cover of H for every € BY. We may proceed as in the proof of Theorem 6,

taking B C[0,1/w]* to be the union of BY and its cyclic shifts and using uniform
measures, verifying that the marginals are uniform on [0,1/w], and concluding that
T(H)/7*(H)<w. We remark that this inequality can be shown to be strict except
if k=r=2.

In the case when u,t and w are not integers, we give two constructions satisfying
the conditions of Lemma 1, corresponding to two values of §, namely &1 and &9,
where:

1 2 r—k kr +(r —k)[t]
T O i %
1 r2

5ot =Tl

First construction. The ([t]+1)-tuple (po,pl,...,pm), where po=|w}|u] and

P1=...=p[y = [t] satisfies the conditions of Proposition 2. Indeed, let us denote
by s the sum of the p;, i.e.,

t1
5= sz Lw] [u] + [£]2.

Then in order to check that each p; <s/2, it suffices to check that

@ lw]lul <81
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(ii) [t]>2.

The first condition holds because wu =12, and the second one is easy to check,
too.

Thus, according to Proposition 2, there exists a ([t] + 1)-dimensional random
variable 7= (no,nl,...,n[t]) whose values lie in the set

=0

[t

such that each 7;, 0 <¢ < [t], is uniformly distributed on [0,2/s]. Now, define a
k-dimensional random variable £ =(¢1,...,&;) by:

o slu] 2[¢] ri o .
fz.‘kr—{-( )[ﬂ k7”+(1”—k)]'t] f 1,...a|__|,
s|t .
gluJH“m_(}_]_’)mm fori=1,...,[t].

The parameters of this transformation were chosen so as to make &, 1<i<|ul,

uniformly distributed on [%161,61] and £y |45, 1 <4< [t], uniformly distributed
k

on [0,12—161]. The maximum (over 1< j <k) of (r—k)&+ > & is attained when

=1
1<j<|u}, and then its value can be computed as:

[t]
s|u) 2[¢) s[t]
””k+LM)<mq4r—mﬁfm+kr+h- [ﬂ) E:kr+r—kﬁﬂm

m§m’ 2wl _ _s+2fwli] _,

kr+(r—k)[t]  kr+(—k)[t]

k'r+

This guarantees that for every Z=(z1,...,zx) in BY (the range of &) the set

k

T@) = J{veTi:g(v) >z}

=1

is a cover of H. The construction is completed in the usual way ( taking cyclic
shifts) to conclude that 7(H)/m*(H)<1/é;.
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Second construction. Let

——V"'——'[u] oS [t} times

k times
and let B®={Q1Qs]. For Z = (x1,...,z%) € B®, the maximum (over 1< j < k) of
k
(r—k)xzj+ 3 z; is attained when 1< j < [u], and then its value is 1 at Qy and is

=1
it

e < -k% =1 at Q9, and hence is at most 1 at every point of B®. The construction
is completed as above, leading to the conclusion that 7(H)/m*(H) <1/62. 1

The difference between the theorem’s bound and the bound in Conjecture 2

stems from the indivisibility of k2,72 and kr by k+r. This difference is not more
than 1 for all values of k,r.

In the first interesting case, namely, k=3,r =4, Example 2 (with r =4) provides
the ratio TI*(LI% —2 and so does Example 3 with parameters (2,1,1). We managed

to build a 3-partitionable, 4-uniform hypergraph H, for which Tﬂ*(%l) 2~2.22. This

is still smaller than the conjectured bound 16/7. The best upper bound we know
for this case is 7/3, given by Theorem 8.

References

(1] Z. FUREDI: Matchings and covers in hypergraphs, Graphs and Combinatorics, 4
(1988), 115-206.

(2] M. KRIVELEVICH: Approximate set covering in uniform hypergraphs, preprint.

(3] L. LovAsz: On the ratio of optimal integral and fractional covers, Discrete Math.,
13 (1975), 383-390.

4] L. LovAsz: On minimax theorems of combinatorics, Doctoral Thesis, Mathematikai
Lapok, 26 (1975), 209-264. (in Hungarian)

(5] L. LovAsz: Covers, packings and some heuristic algorithms, in: 5th British Comb.
Conf., Congressus Numerantium 15 Utilitas Math., Winnipeg, 1976, 417-429.

6] A. A. SAPOZHENKO: On the complexity of disjunctive normal forms obtained by
greedy algorithm, Discret. Analyz, 21 (1972), 62-71. (in Russian)



174 R. AHARONI, R. HOLZMAN, M. KRIVELEVICH: ON A THEOREM OF LOVASZ

[71 S. K. STEIN: Two combinatorial covering theorems, J. Comb. Theory(4), 16 (1974),

391-397.
Ron Aharoni Ron Holzman
Department of Mathematics, Department of Mathematics,
Technion — Israel Institute of Technology, Technion — Israel Institute of Technology,
Haifa 32000 Israel Haifa 82000 Israel
ra@techunix.technion.ac.il holzman@techunix.technion.ac.il

Michael Krivelevich

Department of Mathematics,

Raymond and Beverly Sackler

Faculty of Fract Sciences,

Tel Aviv University, Tel Aviv, 69978, Israel
krivelev@math.tau.ac.il



