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A theorem of Lovs asserts tha t  ~-(H)/T* (H) < r/2 for every r -pa r t i t e  hypergraph  H (where 
T and T* denote  the  covering number  and fractional covering number  respectively).  Here it 
is shown tha t  the same upper  bound is valid for a more general class of hypergraphs:  those 
which admi t  a par t i t ion (V1,. . .  ,Vk) of the vertex set and a par t i t ion Pl  -P. . .  +Pk of r such tha t  
]eNVi]<--Pi <-r/2 for every edge e and every 1 < i < k. Moreover, s tr ict  inequality holds when r > 2, 
and in this form the  bound is t ight.  The  investigation of the ratio "C/T* is ex tended to some other  
classes of hypergraphs,  defined by conditions of similar flavour. Upper  bounds  on this ratio are 
obtained for k-colourable, strongly k-colourable and (what we call) k-par t i t ionable  bypergraphs.  

1. I n t r o d u c t i o n  

A hypergraph H is an ordered pair H=(V,E), where V=V(H)  is a finite set 
(the set of vertices) and E = E(H) is a non-empty collection of non-eInpty subsets 
of V called edges. The set V is called the vertex set of H, the set E is the edge set 
of H. The rank of H is r(H)=max{le I : e e E ( H ) } .  If all edges of H are of size r, 

then H is r-uniform, or simply an r-graph. (v) denotes the hypergraph with vertex 
set V and edge set E, consisting of all subsets of V of size r. 

The set {1,...  ,n} is denoted by [n]. 

A set T C_ V is called a cover (or a transversal) of the hypergraph H = (V, E)  if 
Tner for every eEE(H). The minimum cardinality of a cover of H is called the 

covering number of H and denoted by r ( g ) .  E.g., T([nl) = n - r + 1  for all positive 
integers n > r. 

A set M C E is called a matching in the hypergraph H = (V, E)  if all edges of 
M are pairwise disjoint. The maximum cardinality of a matching in H is called the 
matching number of H and denoted by u(H). 
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Many problems of combinatorics can be formulated as the determination of the 
covering number of a hypergraph. The exact calculation of the covering number 
of an arbitrary hypergraph i s known to be NP-hard. Hence the question of 'good' 
approximation of the covering number is ofgr'eat importance. One of the simplest 
ways to estimate the covering number is by using the linear programming bound. 

A fractional cover of the hypergraph H = (V,E) is a function g : V ~ ~+ 
such that  ~ g(v) > 1 for every e E E(H). The value of the fractional cover g is 

yea  

[gl = ~ g(v). The minimum of Ig] over all fractional covers of H is the fractional 
vCV  

covering number of H,  denoted by r * ( H )  

Similarly, a fractional matching in H = (V,E) is a function f : E --~ ~+ such 
that  ~ f(e) ~ 1 for every v ~ V(H). The value of the fractional matching f 

e~v 

is If] = ~ f(e). The maximum of ]f] over all fractional matchings of g is the 
eEE 

fractional matching number of H,  denoted by v*(H).  
For every hypergraph H one has : r ( H )  > r* (H) ,  v*(H) > ~(H).  It is easy 

to see that  the above two problems are in fact a pair of dual linear programming 
problems. The Duality Theorem of Linear Programming asserts that: 

(i) for every fractional cover g and every fractional matching f one has: ]gl ~ If]; 

(ii) r* =v*;  
(iii) if g is an optimal fractional cover (i.e., [g] = r * )  and f is an optimal fractional 

matching (i.e., If] = , * ) ,  then: 

(1) 

f (e)  > 0 implies E g ( v )  = 1, 
yea  

g(v) > 0 implies E f (e)  = 1. 
egv 

(These are the so called complementary slackness conditions.) 

Example 1. H=r 
Define a fractional cover g : V --+ 1~+ by g(v) = 1/r for every v E V and 

a fractional matching f : E --* R + by f(e) = 1 r - l )  for every e E E. Then 

Igl = ffl = n / r ,  so g and f are an optimal fractional cover and fractional matching, 
respectively, and r* = v* = n/r. 

As mentioned above, the fractional covering number may be used as an estimate 
for the covering number. It is natural to ask how good this estimate is, or, in 
other words, how large the ratio r / r *  can be for certain types of hypergraphs. A 
very useful upper bound on the ratio r / r *  was obtained independently by Lovgsz 
[3], Sapozhenko [6] and Stein [7]; this bound asserts that  r / r*< l + l o g D ,  where 
D = maxvev I {e: v E e} I - -  the maximum degree in the hypergraph g .  
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In thig pape r  we focus on bounds  based on the rank r=r(H) .  Since the  union 
of a m a x i m u m  match ing  forms a cover, we have ~" <_ rv, so ~" _< rr*. Even more  is 

t rue  [5]: r r *  >_ ~- + r - 1, so "r/T* < r for every r > 1. The  hype rg raph  Hn  = ([rn]), 

n--* co, wi th  r (Hn)=n--r+1,  T*(Hn)=n/r  shows tha t  the bound  T/T* <r is t ight  
for general  hypergraphs  of rank  r. 

However,  for cer tain types  of hypergraphs  this t r ivial  bound  can be improved.  
For example ,  the famous  theo rem of Khnig asserts tha t  ~- = z* for any b ipa r t i t e  
g raph  (r  = 2) G = (Am B , E ) .  This  result  mot iva tes  looking a t  the ra t io  •-/T* in 
hypergraphs  t ha t  admi t  a ver tex  par t i t ion  of some kind. 

A na tu ra l  general izat ion of b ipar t i te  graphs  is r -pa r t i t e  hypergraphs .  An r- 
g raph  H = (V, E) ,  r _> 2, is called r-partite if there  exists a par t i t ion  of the  ver tex  set  
V into subsets  V1,... ,Vr such t ha t  for every edge e E E  one has: l e n V / [ = l ,  l < i < r .  
In  1975 Lovs proved [4]: 

Theo rem.  ~-(H)/T* (H) <_ r / 2  for every r-partite hypergraph H. 

This  generalizes the Khnig Theorem.  Since the proof  of the t heo rem is based 
on an idea which turns  out to be very fruitful, it is worthwhile  to give an outl ine 
of the proof  here. 

P r o o f  ([4], see also [1]). Let  H = (V,E) be an r -pa r t i t e  hype rg raph  with  a ver tex  
pa r t i t ion  (V1, . . . ,  Vr). Since r * ( H )  is defined to be  the value of an op t ima l  solution 
of an LP  p rob lem with  integral  coefficients there exists a min imal  f ract ional  cover 
g:V--* R + such t h a t  g(v) is ra t ional  for every v E V. Therefore  we can choose an 
integer d (as large as we want)  so tha t  g(v)d is integral  for every v E V. Define a 
new funct ion t:  V--~ {0 ,1 , . . . ,  d} by pu t t ing  t(v):=g(v)d. 

I t  is easy to see tha t  for all integers r >_ 2, m >_ 0 there  exists an r x (m + 1) 
ma t r i x  A =  (aij)i= 1 ..... r,j=0,...,m with the following propert ies:  

(i) every row of A is a pe rmu ta t i on  of {0 ,1 , . . .  ,m};  
7"m (ii) the sum of every column is at  mos t  [-7-1'  

Let rn= [2 d-~l J. For every O<_j <<_m define a set Tj as follows: 

T 

Tj = U { v  : t ( v )  > aih } . 
i = 1  

Then  every Tj is a cover. Indeed,  suppose on the cont ra ry  t ha t  there  exists an 

edge e = {Vl, . . .  ,Vr} ~ E(H) such tha t  e ATj = r I t  means  t ha t  t(vi)< aiy for every 
1 < i < r. But  then  

r ~ aij [-~-~ d -  1 
 g(vd = t (v i )  < i=I_A__ < _ < - -  < 1 

d - d - d d - d 
i = 1  i = 1  

- -  a contradict ion,  since g is a fractional  cover. 
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Since each row of the matr ix  A is a permutation,  for every v E V we have 
; , m 

I{O<_j<m:veTj}l<t(v). T h e n  E ITjl _< E Since every Tj is a 

T < - -  

cover,- ~ve obtain:  

If d--*oc, we obtain: 

j=O 

m 

E JTjl 
j=O 

m + l  

vEV 

dr* < - -  
- 2 ( d - l ) "  

~_~. I 

Of course, for r = 2 the bound of the previous theorem is tight, but for arbitrary 
r the tightness question was open. We will answer it in the affirmative by building 
an appropriate family of examptes.iti Sect40rv2.(see Example 2). 

Let us make one step further and generalize the concept of an r -par t i te  hyper- 
graph in the following manner. An r-graph H =  (V,E) is called a (Pl , . . .  ,Pk)-graph 

k 
for fixed positive integers P l , . . .  ,Pk with ~ Pi = r  if there exists a vertex part i t ion 

i=1 
(V1,... ,Vh) such that  for every e E E one has leAV/I =Pi,  1 < i < k. If every Pi = 1 
we are back to the definition of an r-par t i te  hypergraph. We will use an even more 
general concept: a hypergraph H = (V,E) is (p l , . . .  ,pk)-bounded for fixed positive 
integers P l , . . .  ,Pk if there exists a vertex parti t ion (V1,... ,Vk) such that  for every 
e E E one has l eA~I  <-Pi, 1 < i < k. The question is again what can be said about  
the upper bound on the ratio T/~-* for these types of hypergraphs. We managed to 
obtain a complete answer which is contained in the following theorems. 

k 
Theorem 1. Let  Pl , . . . ,Pk  be posi t ive  integers wi th  ~ Pi = r  > 2 and suppose  that  

i=1 
Pi <- r /2  for every 1 < i < k. I f  H is (Pl , . . . ,Pk)-bounded then: 

r 

2 

This  bound is tight (even for (Pl , . . .  ,Pk)-graphs) �9 

k 
Theorem 2. Let  Pl , . . .  ,Pk be posi t ive  integers wi th  ~ Pi = r  > 2 and suppose  that  

i=1 
Pio >- r / 2  for some 1 ~_ io <_ k. I f  H is (Pl , . . .  ,Pk) -bounded then: 

< Pio. 

This  bound is tight (even for (Pl , . . .  ,Pk)-graphs) �9 
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The above cited theorem of Lov&sz is a special case of our Theorem I (all Pi = 1). 
Moreover, Theorem 1 shows that  the weak inequality sign in Lovgsz' theorem can 
be replaced by strong inequality. We prove these theorems in Section 2. 

Let us turn now to hypergraphs that  admit  a vertex part i t ion induced by 
hypergraph colouring. 

A k-colouring of the hypergraph H = (V,E)  is a part i t ion (C1,. . .  ,Ck) of the 
set of vertices V into k classes (colours) such that  every edge (of size at least two) 
meets at least two classes of the partition. H is called k-colourable if it admits a 
k-colouring. 

Clearly, a k-colourable hypergraph of rank at most r is (p l , . . . ,pk) -bounded ,  
with Pl . . . . .  Pk = r -  1. Thus, Theorem 1 provides an upper  bound on T/T* for 

k 
such hypergraphs. But here the rank r is much smaller than ~ Pi, so we can do 

i=1  

much better.  The upper bound on the ratio T/T* for k-colourable hypergraphs of 
rank at most r is given by the following two theorems. 

Theorem 3. Let 2 < k < r be integers. I f  H is a k-colourable hypergraph of rank at 
most r, then: 

T(H) 
- - < r - 1 .  T*(H) 

This bound is tight. 

Theorem 4. Let 2 < r < k be integers. I f  H is a k-colourable hypergrapb of rank at 
most r, then: 

T(H) < k- 1 
--r. 

T * ( H )  - k 

This bound is tight. 

These results are described in Section 3. In a subsequent paper  [2] the above 
two theorems are applied to the design of approximation algorithms for the set 
covering problem. 

A strong k-colouring of the hypergraph H = (V, E) is a part i t ion (C1, . . . ,  Ck) of 
the set of vertices V into k classes (colours) such that  no colour appears more than 
once in the same edge. H is strongly k-colourable if it admits a strong k-colouring. 
Note that  if k -- r then the definition of a strongly k-colourable r -graph coincides 
with that  of an r-par t i te  hypergraph. 

A strongly k-colourable hypergraph is (1 , . . . ,1) -bounded (with k l 's) .  Hence, 
by Theorem 1, the ratio T/T* cannot exceed k/2 in such a hypergraph. Thus, for 
the ratio T/T* in a strongly k-colourable hypergraph of rank at most r we have two 
upper  bounds: k/2 and r. (We may improve on the latter by observing that  strong 
k-colourability implies k*colourability and invoking Theorem 4.) But  we can do 
bet ter  than the minimum of the above two bounds. 

For the case k > ( r -  1)r we succeeded to find the exact upper bound for the 
ratio T/~-*: 
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Theorem 5. Let k ,r  >_ 2 be integers and suppose k >_ ( r - 1 ) r .  I f  H is a strongly 
k-eolourable hypergraph of rank at most r, then: 

T(H) < k - r  + lr .  
- k 

This bound is tight. 

In the case r < k < ( r -  1)r the situation is not so clear. The best result we 
succeeded to obtain is formulated in the following theorem. 

Theorem 6. Let k ,r  >_ 2 be integers and suppose r < k K ( r - 1 ) r .  I f  H is a strongly 
k-colourable hypergraph of rank at most r, then: 

T*(H)T(H) kr / k - -  r u ~(1 ) -<--h+r + m i n ~ - - - ~ {  }, - { u } )  , 

where and 

This result motivates 

Conjecture 1. Let k, r >>_ 3 be integers and suppose r < k < ( r -  1)r. If  H is a strongly 
k-colourable hypergraph of rank at most r, then : 

T(H) kr 

7" (H) k + r" 

We also conjecture that  this bound is tight. 

The bound of the above conjecture coincides with the bound of Lov~isz' theorem 
for k = r  and with the bound of Theorem 5 for k = ( r - 1 ) r .  It should be mentioned 
that the difference between the bounds of Theorem 6 and Conjecture 1 does not 

exceed 3 - 2 v ~ .  We consider this problem in Section 4. 
We introduce now another generalization of r-parti te hypergraphs. A hy- 

pergraph H = (V,E) is called k-partitionable if there exists a vertex partit ion 
(T1,. . . ,Tk) of the vertex set V into k covers Ti, 1 < i < k. Again, in the case 
k = r an r-partitionable r-graph is just an r-parti te hypergraph. 

The situation here is similar to that  of the previous problem. For the case 
r > ( k -  1)k we know a complete answer: 

Theorem 7. Let k ~ 2,r > 3 be integers and suppose r ~_ ( k - 1 ) h .  I f  H is a k- 
partitionable hypergraph of rank at most r, then: 

- - < r - h + l .  

This bound is tight. 

For the case k < r  < ( k - 1 ) k  our result is: 
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Theorem 8. Let k , r  > 2 be integers and suppose k < r < (k - 1)k. 
partitionable hypergraph of rank at most  r, then: 

r 2 / r - k  "~ 
T(H) < _ _  + min ~ - - ~ { u } ,  1 -- {u} ) T * ( H )  - k + r 

(with {u} defined as in Theorem 6). 

But we believe that  the following is true: 

Conjecture 2. Let k , r  >> 3 be integers and suppose k < r < ( k -  1)k. 
k~partitionable hypergraph of rank at most r, then: 

I f  H is a k- 

I f  H is a 

T(H) r 2 
- -  < - -  

T*(H) k + r '  

We also conjecture that  this bound is tight. 

Again, at the endpoints of the interval k < r < ( k - 1 ) k  this conjecture coincides 
with the previously cited results: the case k = r is again Lovs theorem while in 
the case r = ( k - 1 ) k  we obtain the bound from Theorem 7. The difference between 
the bounds of Theorem 8 and Conjecture 2 is not more than  1. We discuss this 
problem in Section 5. 

Before starting our proofs let us write a few words about  the ideas we are 
going to use. Our main instrument is in a sense a generalization of the core idea of 
LovAsz' proof. It  is described in the following lemma. 

Lemma 1. Let H = ( V , E )  be a hypergraph with a vertex partition (V1,... , Vk). Let 

g : V -+ ]~+ be an optimal fractional cover of H with value [gl = "r*(H). Suppose 

5>0 ,  and the set BC_ [0,5] k is such that  for every ~ = ( x l , . . .  , x k ) E B  the set 

k 

= U (v e g(v) > 
i=1 

is a cover of H. I f  there exists a probability measure # defined on B (#(B) = 1) 
such that  all marginal distributions Pi, 1 < i < k, are uniform on the interval 
[0,5] (that is, i f  �9 C B is randomly chosen according to the measure #, then 
P r ( a < x i < b ) = ( b - a ) / 6  for every 0 < a < b < 6  ), then: 

~-(H) 1 
-< 

Proof. Let ~ C B be randomly chosen from B according to the measure it. Define 
a random variable Y = IT(~)[ where T(~) is as defined above. Let us est imate the 
expectation of Y. Due to linearity of expectation E ( Y )  = ~ E(Yv) ,  where Yv is 

vEV  
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the indicator random variable for v E V being selected to T. Since It has uniform 
marginal distributions on the interval [0, 6], for every 1 < i < k and for every v E 
we have: 

Then 

E(Yv) = Pr(v E T) = Pr(g(v) > xi) = rain (1,g(v)/6) < g(v)/6. 

E ( Y )  = E ( Y v )  <_ = 

vff V vE V 

Therefore there exists ~ E B such that  ]T(~)] <T*/6, and since T(:~) is a cover for 
every ~ E B  it follows that  ~-<'r*/6. | 

Of course, a probabili ty measure # having uniform marginal distributions #i 
is a continuous analog of the matrix A from Lov~sz' proof. For each particular 
problem considered in this paper,  our strategy is to find an appropriate  set B and 
a measure # and to use Lemma 1. In some cases, when we will prove a strict 
inequality for the ratio ~-/~-*, we will use not only the existence of such a measure, 
but also its structure. 

Although the above probabilistic method could be used to prove all our results, 
in some cases we chose to present a proof by a more constructive method.  Tha t  
other method proceeds by induction on the number of vertices and uses the above 
mentioned complementary slackness conditions (1). 

2. T h e  r a t i o  T/T* in (Pl , . . . ,Pk)  - b o u n d e d  h y p e r g r a p h s  

Recall first that  a hypergraph H = ( E E )  is (Pl , . - - ,Pk)  -bounded, for a fixed 
k-tuple of positive integers (Pl , . . .  ,Pk), if there exists a vertex part i t ion (V1,.. . ,  Vk) 
such that  for every edge e E E  one has leMV/I <-pi, 1 <i<k .  I t  is a (Pl , . . .  ,Pk)-grap h 
if all these weak inequalities hold as equalities. 

We begin this section with two families of examples of (P l , . . . ,Pk) -grap  hs which 
will be used later on to show that  the bounds of Theorems 1 and 2 are tight. 

Example 2. Let r > 2 be fixed. For every positive integer n define an r -par t i te  
hypergraph Hn = (V, E) as follows. For every 1 < i < r let V /=  {xij : 1 < j < n} U 

T 
{Yij: 1<jK_nr}; let V =  U ~ .  Define a weight function h:Y-+{O, . . . ,n}  by 

i=1 

h ( x i j ) = j ,  l < i < r , l < _ j K _ n ;  

h(Yij) = O, l < i < r, l ~_ j <_ nr. 

Now a set e C V is an edge of Hn if and only if the following holds: 

(i) len l=l for every l < i < r ;  
(ii) E h(v) > ~-. 

vEe 
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Obviously, Hn is an r-parti te hypergraph. To estimate from above its fractional 
covering number, define a fractional cover 9: V --~ R + by putt ing g(v) = h(v)/_n~ 
for every v �9 V. Then 

E 
< Igt-  

2 

- - n + l .  

Now we have to evaluate the covering number of Hn. Since the set 
To = {vCV:h(v)> In/21} is obviously a cover we obtain that  r (Hn)  <_ IT01 = 
r (Ln/2j + 1) < nr. Let us prove that  T(Hn) > ~-~. Let T C_ V be an optimal cover of 

Hn, ITl='r(Hn)<_nr. Then I ~ \ T # 0  for every l < i < r .  Define 

l i = m a x { h ( v ) : v e l ~ \ T } ,  1 < i < r .  

Then ITOVit >>_n-I i. From the definition of Hn and the fact that  T is a cover it 
f 

follows that  ~ li < -~. Therefore 
i = l  

T r T 

2 2 
i = 1  i = 1  i = 1  

Now, when n--~ oo the ratio ~*(H,~) > nr/2n+l becomes larger than ( r / 2 -  e) for every 

fixed e > 0. 

Example 3. For every k-tuple of positive integers (Pl , . . - ,Pk) (k >_ 2) and every 
integer n >-Pl we define a hypergraph Hn= Hn(pl,.. .  ,Pk)= (If, E) in the following 
way. Let V be the union of the p airwise disjoint sets V/, 1 < i < k, of sizes [Vii= n, 

n IVil = (pl)pi, 2 < i < k .  For every 2 < i < k partit ion the set ~ into (p~) classes 
g / ( n  n 

U/l, . . . ,  pl), each of size Pi. Let A 1,. . . ,A(pl ) be the edges of the hypergraph 

(pv~). Define now for every 1 <_j _< (m) an edge e j � 9  E(H n) as 

k 

i = 2  

Then for every e, e ~ E E(H n) one has er3e t C V1, so every subset of V1 of size Pl has 

its own continuation in the sets V2,... ,Vk. The function g : V  ~ R +, g(v):= 1/pl 
for every vE V1, g(v):=0 for every v6V1 is obviously a fractional cover of H n, so 
~*(Hn) <-Igl =~/pl. It is easy to see that  there exists an optimal cover T of size 
IT] = T(H n) such that T C V1 (if v �9 T\V1, then there exists a unique edge e �9 E ( H  n) 

such that v �9 e, but then the set T'= (T\  {v}) U {u} is an optimal cover too, where 
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x2 �84 

0 Xl 

B 

Y -~, 

Fig. i. The set B and the points ~* and Y* from the proof of the case k=2  of Theorem 1 

n V1 n 1 u is any ver tex  from enV1),  so T(H ) = r ( ( m ) ) =  - - P l +  . W h e n  n - * o o ,  the  r a t io  

-r(H ~ ) ~-*(H n) --> ~ n / p l  becomes  larger  t h a n  ( P l - e )  for every fixed e > 0 .  

Now we are r eady  to prove Theorems  1 and 2. 

P r o o f  of  T h e o r e m  1. Let  us first prove the  case k = 2. In  this  case accord ing  
to  the  t heo rem ' s  condi t ions  Pl  = P2 = r/2 > 1. Let  H = (V,E)  be  a h y p e r g r a p h  
wi th  a ver tex  pa r t i t i on  (V1,V2) such t ha t  ] e N ~ l  < r/2 for every e E E ,  i = 1, 2. 

Suppose  g : V --+ 1~+ is an op t ima l  f rac t ional  cover of H wi th  value Igl = r*(H). 
Define a set B and a measure  # as requi red  in L e m m a  1 in the  following way: 

B = { ( x l , x 2 ) E  [0,2/r] 2 : x l  +x2 = 2 / r }  (see F i g . l ) ,  # is the  un i fo rm p r o b a b i l i t y  

measure  on B (#(B)= 1). I t  is easy to see t ha t  for every 2 =  (x l ,  x2 )E  B the  set  

= {v E V1 : g(v) > xl} u {v E Y2: _> x2} 
is a cover of H (if there  were an edge e E E(H) such t h a t  e N T ( 2 )  = l~ then  we 
would have g(v) < xl for every v E eNV1 and g(v) < x2 for every v E eNV2,  so 

g(v) < Xl le N Vii + x21e n V21 < xlr/2 + x2r/2 = 1 - -  a con t r ad i c t i on  since g is 
v E e  

a f rac t ional  cover).  Also,  i t  is clear  t h a t  # has marg ina l  d i s t r ibu t ions  tti ,  i - - -1 ,2 ,  
un i form on the  in terval  [0, 2/r]. Hence as in L e m m a  1 we ob t a in  t h a t  if 2 is r a n d o m l y  
chosen from B according to  the  measure  # then  

r(H) < E(IT(~)[ ) = ~ min (1, g(v)r/2) < r/21g [ = r/2 r*(H). 
vEV 
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We want to show more: ~-(H) < r / 2 r * ( H ) .  Note tha t  if there exists a vertex 
v E V with g@) > 2/r, then E(IT(2)I ) < r /2~-*(H),  so suppose in the sequel tha t  
g(v) <_ 2/r for every v E V. Also, we may assume tha t  every set T which is 
realized as T(2)  with positive probabil i ty has size Irl = r/2r*(H), since otherwise 
~-(H) <_ min { IT(2)I : 2 6 B} < E( IT(2)  I) = r/2 T* (H). 

Let v0 E V be a vertex with positive weight 9(vo) > 0. Suppose wi thout  loss 
of generali ty tha t  v0 C V1. Let 2" (x* x *~ =<  1, 2J E B  be such tha t  x~ =g(v0 ) .  Since g 

at ta ins  only a finite number  of values, there exists a point  ~* = (y~,y~) E B such 

tha t  y~ < x~ and there are no vertices in ~ with weight 9(v) str ict ly between x* 

and y*, i =  1,2 (see Fig. 1). Therefore the set T ( 2 ) = T  remains unchanged in the 

open interval between the points 2* and ~*. Note tha t  every v E V1 with g(v) >_ x* 1 
and every v E V2 with g(v)> x~ belongs to T. In part icular,  v0 C T. Since the open 

interval between 2* and ~* has positive measure we have IZl = ~ / 2 < ( H ) .  We claim 

tha t  T ' : T \ { v o }  is also a cover of H.  Indeed, suppose on the cont rary  tha t  there 

exists an edge e C E such tha t  e n T l =  ~. Since T is a cover we have e N T  = {v0}. 
But  then g(v)<x~ for every vCenV1 \{v0}  and g(v)<<_x~ for every vEeNV2, so 

~,~ ~c~nv~\{~o} .e~nv~ 

- -  a contradict ion.  Hence we have T(H) < IT'I = I T I -  1 < r/2-r*(H) and the ease 
k = 2 of the inequality has been established. 

Now we are about  to prove our theorem for the case k > 3. First,  we reduce 
this general case to the case k = 3. The  reduct ion is based on the following simple 

k 
Observation.  Let  P l , . . .  ,Pk, k >__ 3, be positive integers with ~ Pi = r and suppose 

i=1 

Pi <- r/2 for every 1 < i < k. Then there exists a partition of the set [k] into three 
non-empty subsets I i , h , I3  such that ~ pi <_r/2 for j = 1 , 2 , 3 .  

i~Ij 

Using this observation, we can prove 

Propos i t ion  1. Let Pl,... ,Pk be as above. If  H = (17, E) is a (Pl,... ,pk)-bounded 
hypergraph then there exist positive integers Sl,S2,S3 with Sl + s2 + s3 = r and 
Sl,S2,S3 <_r/2 such that H is an (sl,s2,sa)-bounded hypergraph. 

It  follows immediate ly  from the above proposi t ion tha t  it suffices to prove the 
bound  for the case k = 3. Moreover, the case when k = 3 and one of the sj equals 

r/2 may be further  reduced, in a similar way, to the case k = 2 which was already 
handled above. So it remains to t reat  the case when k = 3  and sj < r / 2 ,  j = 1 , 2 , 3 .  

Suppose H = (V, E)  is an (Sl, s2, sa) -bounded hypergraph  with Sl + s2 + sa = r 
and suppose wi thout  loss of generality tha t  0 < s3 _< s2 _< Sl < r/2. Let (V1,V2,V3) 
be a par t i t ion of the vertex set V such tha t  ]enV{I <si, i = 1 ,  2, 3, for every eEE. 
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?2 

Xl 

x3 

Fig. 2. The set B and the points ~* and Y* from the proof of the case k=3 of Theorem 1 

Let  g : V --~ IR + be an op t imal  fractional  cover of H and f : E -~ N + be an op t ima l  
fract ional  match ing  in H with value I gl = I f l  = v* (H) .  

Define now a set B C  [0,2/r] 3. Fix four points  

QI = ( Sl § S2 - S3 ! )  (2 - S l  ) - - -  , o ,  , Q 2  = , s 2 + s 3  , 0 , 

Slr s2r 

Q 3 = (  s l ~ - s 3 - s 2 2  ) S l r  ' r 'O , Q 4 - -  ( S l + S 2 - S 3  ! ) 0 ,  s2 r , 

in [0,2/r] 3 and denote 

B 1 = [Q1Q2], B 2 = [Q3Q4], B3 = [Q1Q3], 

where [Qi~Qi2] denotes the closed interval between the points  Qil 
Fig. 2). Now let 

B = B 1 u B 2 U B 3 U B 4. 

B4 = [Q2Q4], 

and  Qi2 (see 
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I t  is easy to check tha t  the coordinates  of the points  Q1, Q2, Q3, Q4 sat isfy the  
equat ion  six 1 + s2x 2 + s3x 3 = 1, and therefore this equat ion  is satisfied by every 
point  ~=(xl,x2,x3)EB. Then  it follows tha t  the set  

T(~C) -=- {V e V1 : g(v) ~ Xl} U {v E V2 : g(v) > x2} U {v (E Y a : g('v) > x3} 

is a cover for every ~ = (Xl, x2, x3) E B. 

Define now a probabi l i ty  measure  # on B. Let  /~i, 1 < i < 4, be  the  uni form 

measures  on the  intervals B i such tha t  

~ l ( B 1 ) = # 2 ( B 2 ) =  ( S l - f - s 3 - s 2 ) ( s 2 + s a - s l )  
2sa(s l  + s u -  s3) ' 

# 3 ( B 3 )  = (S2 -- s a ) ( s 2 + s 3  -- S l )  IL4(B4 ) = (Sl  - s 3 ) ( S l  + 83 - 82) 

s 3 ( s 1 - f - s  2 - s3) ' s3 ( s12 r_s2  - 83) 

and le t /~  =/ , lq-t ,2q-/ ,3-b/ ,4.  (Note t ha t  #3 vanishes when s2 = s3, in this case x l  = 1/r 
along the interval  B 3. Also, #4 vanishes when Sl = s2 = s3, in this case x2 = 1/r 

4 
along the interval  B4.) Since ~ t,i(B i) = 1, we have /~(B) = 1. Now we have to 

i=1 
check t h a t / ,  indeed has marg ina l  dis t r ibut ions Pi, 1 < i <_ 3, uni form on the  interval  
[0,2/r] .  For #a this is quite clear from Fig. 2. Since #1 is obviously uni form on 

each ~  the  intervals [ 0, sl+s~ar-s2 ] ' L[s1~-Sa--828IT , S l -~: : jS3]  , [S~+sS12r-s3,2], and since 

in the first and the last of these three  intervals the s i tuat ion is the same (recall 

#1(B1)  =IL2(B2))  we have only to check tha t  

/Za[D3 ~ k . )  ) Sl+S2--S3 __ Sl+Sa--S2 
_ _  81T Si T 

#2(B2)  sl+sa-sa 
SIT 

which indeed holds. In a similar way one can check tha t  the  marg ina l  d is t r ibut ion  
1'2 is uni form on the interval  [0,2/r] ,  too. 

At this moment ,  we have a set B C_ [0, 2/r]  a such t ha t  T(~)  is a cover for every 
g: E B and a probabi l i ty  measure  tL, defined on B and having marg ina l  d is t r ibut ions  
uni form on the  interval [0,2/r].  Hence if ~ E B is r andomly  chosen according to  the  
measure /~  then,  as shown in L e m m a  1, 

r(H) < E(IT(~2)[ ) : ~ min (1,9(v)r/2) < r/2w*(H). 
vEV 

Recall  t ha t  our a im is to prove tha t  r ( H )  < r/2r*(H). Again, if there  exists a 
ver tex  v E V with g(v)> 2/r then E(tT(~c ) [ )< r/2r*(H), so suppose  t h a t  g(v)< 2/r 
for every v E V. Also, we may  assume tha t  every set T which is realized as T(5:) wi th  
posi t ive probabi l i ty  has size IT[ = r/2 r* (H). If  all vert ices v E V with  g(v) > 0 belong 
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to V3, then for the set To--:-{v:g(v) >0)C_ V3 we obtain using the complementary 
slackness conditions (1) 

vETo vETo egv eEE eCE 

and thus 7(H)_< ITol < s37*(H)<  r /2T*(U) .  So suppose that  there exists a vertex 
voEV1UV2 with g(v)>0 ,  say, voCV] (the argument is similar in case voEV2). It is 

easily verified that  we can always choose one of the intervals B i with #i (Bi )  > 0 and 

a point 2" = ( x ~ , x ~ , x ~ ) e B  i in such a way that  x~ =g(vo) and one of the variables 

x2 or x3 varies in the same direction as Xl along B i (that is, if we move along B i 
in the direction of decreasing xl ,  then x2 or x3 decreases too) (see Fig. 2); suppose 
this variable is x2 (the argument is similar if it is x3). Since g attains only a finite 

* * * B i * < x ~ a n d y ~ <  * number of values, there exists a point ~* -- (Yl, Y2, Y3) E with Yl x2 
such that  there are no vertices v in V/ with weight g(v) strictly between x* and 

y*, i = 1,2,3 (see Fig. 2). Therefore the set T(2) = T remains unchanged in the 

open interval between the points 2" and 7)*. Note that  every v E V1 with g(v) > x~ 

and every v e V2 with g(v) > x~ and every v e V3 with g(v) > x~ belongs to T. Since 

#([2~]) >0,  we have ITI=r/2T*(H) .  We claim that  T ' = T \ { v o }  is also a cover. If 

it is not, then there exists an edge e E E such that  e A TI---~, and so e A T  = {vo}. 
Hence g(v)<_x~ for every v e e n V 1 ,  g(v) <x~ for every veeAV2 ,  g (v )<x~ for every 
vEeMV3, but then 

vEe vEeAV1 vCeNV2 vEeNV3 

and we reach a contradiction. So we have ~-(H) _< IT'] = IT[- 1 < r / 2 r * ( H ) .  

The tightness of the proven bound follows from Example 2. This example shows 
also that  the bound remains tight even for the class of r-part i te  hypergraphs. | 

Remark. Using the observation and the proof of the theorem we can prove the 
following general proposition, which will be used in the sequel. 

k 
Proposition 2. Let Pl , . . . , Pk be positive integers with ~ Pi -- r and suppose Pi ~- r /2 

i=1 

for every 1 < i < k. Then there exists a h-dimensional random variable ~ = (~1,. �9 �9 ~k) 

whose values lie in the set ~ = (xl ,  . . . .  xk) C [0, 2/r] k : ~ pix i = 1 , such that each 
i=1 

(i,  i =  1,... ,k, is uniformly distributed on [0,2/r]. 

Proof. If k.= 2 (and then Pl = P2 = r/2),  let ~ be distributed uniformly on the 
interval joining (O,2/r) and (2/r,O). If k _> 3 then, according to the observation, 
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there exists a parti t ion of the set [k] into three non-empty subsets I1 , /2 , I a  such 

tha t  ~ Pi = sj <_ r/2, j = 1,2,3. Let ~ = (~1,@,@) be a 3-dimensional random 
i~Ij 

variable whose distribution is given by the measure # defined in the course of the 
proof of Theorem 1. Now, define {i = Q if i E I j .  The resulting k-dimensional 

random variable ~ =  (~1,'" ,~k) is easily seen to satisfy the requirements. | 

P roof  of Theorem 2. Theorem 2 is a straightforward consequence of Theorem 1. 

k 
Let H be a (pl, . . . ,pk)-bounded hypergraph with ~ P i  = r and suppose 

i=1 

k 
Pl >r/2 .  Denote I i i r I _ p l = P l ,  p 2 = P 2 + 2 p l - r ,  pi=Pi, 3<i<<k, = ~ p{=2p l .  Then 

i=1 
�9 ~ < rl/2 for every 1 < i < k. H is obviously a (p~ , . .  ,p~)-bounded hypergraph with P i -  

So it follows from Theorem 1 that  T(H)< r t /2r* (H)=p]r*(H) .  

The tightness of the bound follows from Example 3. | 

3. T h e  r a t i o  r / r *  in k - c o l o u r a b l e  h y p e r g r a p h s  

In this section we prove Theorems 3 and 4. First we show tha t  the bounds given 
in these theorems cannot be improved. For Theorem 3, consider the hypergraphs 
H a =  H n ( r - 1 , 1 )  - -  as constructed in Example 3. Clearly, H n is 2-colourable (1/1 
and 1/2 may be taken as the colour classes) and hence k-colourable for every k > 2. 
As shown in the analysis of Example 3, when n --+ co we have 7(Hn) /T*(H n) > r - l - r  

for every fixed e > 0. For Theorem 4, consider the hypergraph H = ([(r-~t)k]). A 

k-colouring of H is obtained by partitioning V(H)  into k classes of size r -  1 each. 
As shown in Example 1, 

r ( H )  (r - 1 ) k -  r + 1 k - 1 

T*(H) - 1)k/  k 
_ _  - - ? ' .  

Proof  of Theorems 3 and 4. The proofs of the two theorems go along the same 
lines, so we present them jointly, indicating the differences where relevant. 

Suppose that  the theorem fails, and let H = (V,E) be a eounterexample with 

smallest number of vertices�9 Then we must have U e = V(H) .  Let g: V(H)--+ R + 
eEE 

be a minimal fractional cover of H and f : E(H)  --+ R + be a maximal  fractional 
matching in H with value [g[ = If[ = 7 "  (H). Consider two possible cases. 

Case 1: g(v)>O for every v E Y ,  and ]e]>2 for every eCE.  
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Then according to the complementary slackness conditions (1) 

ivf:  1 :  S(e)tel <_, E S(e): 
vCV vEV eSv eCE eEE 

SO 

(2) T*(H) > IV[ 
r 

On the other hand, the union of every (k - 1) colour classes of H is obviously 
a cover of H,  so 

(3) 

(2) and (3) yield 

k - 1  
.(H) < T I V I  . 

T(H) < k-- 1 

7 * ( H ) -  k 

and since ~ r  < r -  1 if k < r we obtain a contradiction to the choice of H.  

Case 2: either there exists a vertex uo with g(uo) = 0, or there exists an edge 
e0 with leo l= l .  

We establish first the existence of a vertex v0 with g(vo) > 1 / ( r -  1). If the 
first subcase holds, let eo be an arbi trary edge containing u0. Since leoI < r and 

g(v) _> 1, there exists a vertex v0 E e0 such that  g(vo) >_ 1 / ( r -  1). If  the second 
VCeo 

subcase holds with eo = {v0}, then g(vo) = 1 _> 1 / ( r  - 1). 

Let vo satisfy g(vo)>_ 1 / ( r - 1 ) .  If {v0} is a cover of H then r ( H ) - - ~ ' * ( H ) =  1 
and H is not a counterexample. So we may consider the hypergraph H I =  H - v o  
obtained by deleting v0 and the edges going through it. Since H ~ is also k-colourable 
and of rank at most r, it follows from the choice of H that  the theorem's  bound 
holds true for H I. Obviously, 

(4) -r(H) < T(H') + 1 

(ifTC_V(H') is a cover of H ' ,  then TU{v0} is a cover of H) .  On the other hand, the 

function g ' :  V(H') - ~ +  defined by g'(v):=g(v) for every v E V(H') is a fractional 

cover of H l, so 

1 

(s) ~*(H')  < lg'l = tgr - g(~o) < ~*(H)  - - - .  
- - r - 1  

In the case k <: r we have 7(Hi) < ( r -  1)T*(H'),  so it follows from (4) and (5) 
that  ( 1) 
T(H) _< ~- (H ' )+I  < (r--1)T*(H')+I ~_ ( r - - l )  T*(H) r - 1 +1 = (r--1)T*(H), 
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while in the case k>r_ we have r(H') -< --E-k-1 rr* (H') and so 

k - 1  ( 
r(H) <_ r(H') + 1 <_ k @ r ' r * ( H ' )  + 1 <_ ---s r*(H) - - -  

k - 1  k - 1  r k - 1  
= k rr*(H) k r - 1  + 1 - <  k rr*(H), 

in both  cases obtaining a contradiction to the choice of H.  

1) 
r 1 + 1  

I 

4. T h e  r a t i o  T/r* in s t r o n g l y  k - c o l o u r a b l e  h y p e r g r a p h s  

The hypergraph H = ([kr}) is strongly k-colourable and satisfies, as we have 

seen, r (H) /r*(H)= k - ~ + l r .  In the case k > ( r -  1)r this example is extremal,  as 

asserted in Theorem 5. 

P roof  of Theorem 5. Suppose that  the theorem is false, and let H = (V,E) be a 
counterexample with smallest number of vertices. Then we must  have U e = V. 

eEE 
Let g : V + R + be an optimal fractional cover of H and f : E ~ R + be an optimal  
fractional matching in H with value 191 = If] = r * ( H ) .  Consider two possible cases. 

Case 1: 9(v) >0  for every vEV,  and l e l = r  for every e E E .  

Then it follows by applying (1) to g and f (see Case 1 in the proof of Theorems 
3 and 4) that  

(6) r*(H) > IV---~[ 
r 

But the union of every ( k - r +  1) colour classes is obviously a cover of H,  so 

k - r + 1  
(r) T(H) _< k Ivl. 

Comparison of (6) and (7) gives 

r(H) < k - r + 1  

T*(H) - k 

- -  a contradiction to our assumption about  H.  

Case 2: either there exists a vertex u0 with g(uo)=0, or there exists an edge 
e0 with le01_<r-1. 

The argument in this case follows closely the one of Case 2 in the proof of 
Theorems 3 and 4, so we omit the details. To get the argument started, observe that  
in either one of the two subcases there is an edge e0 such that  leon{v E V :g(v) > 0} I -< 
r -  1, and therefore there is a vertex v0 E e0 with g(vo) >_ 1/(r - 1). I 
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Proof  of Theorem 6. Let H = (V, E)  be a strongly k-colourable hypergraph of rank 

at most r, with colour classes C1, . . . ,Ck.  Let g:V--+ R + be an opt imal  fractional 
cover with value [g[=z*(H) .  

Let a be the cyclic permutat ion on [k]. We shall refer below to the action of 

on R k, which takes the form ~r(xl,x2,... ,xk)= ( x 2 , x 3 , . . .  ,xk,xl) .  
We shall prove the theorem by establishing the conditions required in Lemma 

1. Since the general case involves some messy details, we present first the argument  

in the case when u=k2/(k~-r) is an integer. Then t=kr/(k+r) is also an integer, 

since u+t=k. We have to prove, in this case, that  < t .  Let 

01 1) 
\ ~ t " ' "  ' 

u times t times 

7" ' ' '  7" 

k times 

and let B 0 = [QIQ2], that  is, B 0 is the closed interval in R k joining QI and Q2. 

For i = I , . . .  , k -  i, define Bi=ai(B~ and let 

k - i  

B= U B  i. 
i=o 

Clearly B C_ [0,1/t] k. It  can be checked that  for every ~: = (x l , . . .  ,Xk)E B the 
sum of the largest r components equals 1, and hence the set 

k 

= U {v c g(v) > 
i = l  

is a cover of H.  
Now, let #i be the uniform measure on B i wi th / , i (Bi )  =l/k, i = 0 ,  1, . . . ,  k - l ,  

k - 1  
and let # =  ~ #i. Then # is a probability measure on B. For a given j ,  1 <_j<_k, 

i=0  

i is uniform on [0,1] there are u values of i for which the marginal distribution #j  
1 1 i is uniform on [7, 7]" I t  follows tha t  the marginal and t values of i for which #j  

distribution #j  is uniform on [0,1] for every 1 _<j _</~. All the conditions of Lemma  
r H  1 are satisfied, and we conclude that  r(H) < t. We remark tha t  this inequality can ~*(~) - 

be shown to be strict except if k = (r - 1)r (by an argument similar to that  given 
for strict inequality in Theorem 1). 
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In the case when u = k2/(k + r) and t = kr/(k + r) are not integers, we 
establish the upper bound on T(H)/r*(H) by giving two constructions satisfying 
the conditions of Lemma 1, corresponding to two values of 6, namely 51 and 52, 
where: 

i _ _ _ k ~  + k - ~ u }  = k2 - (k  - ~)LuJ 

51 k - F r  - - ~ t  2k ' 

1 kr  r rr ,  Q 
- + - {u}) 

$2 k ~  ~(1 - 

The two constructions represent two different adaptations of the construction 
for integral u described above, in which the role of u is played by the lower and 
upper integer parts of u respectively. 

First construction. The (Ftl + 1)-tuple (P0,Pl,... ,Pit] ), where P0 = (r - [t]) LuJ 

and Pl --~ . . . .  P[tl = [tl satisfies the conditions of Proposition 2. Indeed, let us 

denote by s the sum of the Pi, i.e., 

Ftl 
s = ~--~'. pi  = (r  - [t])LuJ + [t] 2. 

i=O 

Then, in order to check that  each Pi <- s/2, it suffices to check that: 

(i) ( r -  rt]) 1< < [t] 2, 
(ii) [tl >_2. 

The first condition is equivalent (using [uJ = k -  [t]) to It] _> kr/(k +r), which 
of course holds. If the second condition failed, it would mean that  t < 1 (since we 
assume that  t is not an integer), so kr < k+r ,  but this cannot be the case when 
2 < r < k .  

Thus, according to Proposition 2, there exists a (It] + 1)- dimensional random 
variable ~ =  (r/0,Vl,... ,~?[t t) whose values lie in the set 

m } 
fJ = ( y o , m  . . . .  , y [ q )  e [O, 2 / s ] [ t ] + l  : ~ _ . p i y i  = 1 , 

i=0 

such that  each r/i , 0 <_ i <__ [t], is uniformly distributed on [0,2/s]. Now, define a 
k-dimensional random variable ~=  ((1, . . . , (k) by: 

s[< 
~ = k 2 - (k  - r )  LuJ , 0  

s[tl 
( k ~ J + i  = k2 _ (k - r ) [ u J  r/i + 

for  i = 1 , . . . ,  LuJ, 

2L u] for i - -  1 , . . . ,  It 1. 
k - (k - r )  LuJ 
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The parameters of this transformation were chosen so as to make.~:i;: 1 _<i _< [uJ, 

uniformly distributed on [0, L~-161] and ~[u]+i, 1 _<i< It], uniformly distributed on 

[1~61,61]. The sum of the largest r components of ~ can be computed as: 

k 2 - (k  - r )  L~J ~i + k2 _ r)  L~J + (r  - Ftl)  k2  - (k  - r )  LuJ n0 
i = l  

Ftl 2[~J Ftl ~ + 2[uJ rt l  = 1. 
s Y]pivi  + k2  _ ( k  - ~ ) L ~ J  = k 2 - ( k  - r ) [ u J  = k 2 - (k  - ~)L~J ~=o 

The same holds true for each of the permuted random variables cri(~), i = 1, . . . ,  

k - 1 .  Hence, denoting by B i the range of cri(~), we know that  for every 0 < i < k - 1  

and for every 2=(xl , . . .  ,Xk)EB i the set 

k 

T(2) = U {v C Cj: g(v) >_ xj} 
j = l  

is a cover of H. Let the measure #i on B i be the distribution of cri(#). Let 
k - 1  k - 1  

B =  U Bi and let p =  ~ ~ # i .  Then it can be seen that  the set B and the 
i=O i----O 

probability measure # on it satisfy all the conditions of Lemma 1, enabling us to 
conclude that  r(g)/r*(H) <_ 1/51. 

Second construction. Let 

,0 
r [ ~ l " "  ' r r u l  ' 

[ul times " 
LtJ t~mes 

(1 
Q 2 =  \ r  " "  r / '  

k times 

kt = 1 at Q1 and let B ~ = [Q1Q2]. The sum of the largest r components is ~ 

and equals 1 at Q2, and therefore is at most 1 at every point o f B  ~ We may proceed 

as in the integral case, taking B ~ and its cyclic shifts and the uniform measure on 
them, verifying that the conditions of Lemma 1 are satisfied, and concluding that  
r(H)/r*(H) <1/62. I 

A few words about the bound in Theorem 6. As one can see, the deviation of 

this bound from the conjectured bound ,~-J~ < k~r  is caused only by indivisibility 
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(of kr and k 2 by k + r). As we have already mentioned in the introduction, this 

deviation does not exceed the constant 3 -  2x/2. 

What  about examples? Consider the first non-trivial case r = 3, k = 4. The 
r H  r H  _ hypergraph H=([4])  has rr.@H) = 3. In Example 2 (with r = 3 ) t h e  ratio rr.@H) -* a 2" 

Using a variation of the construction in Example 2, we succeeded to build an 

example with the ratio ~ ~1.7, which is not so far from the conjectured bound ~*(H) 

12/7. But we do not have examples with r(H) !~. r*(H) ~ The best upper bound we 

know for this case is 7/4, given by Theorem 6. 

5. T h e  r a t i o  "C/T* in k - p a r t i t i o n a b l e  h y p e r g r a p h s  

Recall that  a hypergraph H = (V, E) is called k-partitionable if the vertex set 
V can be partitioned into k covers T1, . . . ,Tk.  

In order to see that  the bound of Theorem 7 cannot be improved, consider the 
hypergraphs 

H n = H n ( r - k + l ,  1 , . . . , 1  ) 

k-1 times 

as constructed in Example 3. Clearly, H n is k-partitionable and r-uniform. As 
shown in the analysis of Example 3, when n --* c~ we have T (H n)/r* (H n) > r - k + l - e  
for every fixed e > 0. 

P roof  of Theorem 7. Let H = (V, E) be a k-partitionable hypergraph of rank at 
most r, and let (T1,... ,Tk) be a partit ion of the vertex set V into k covers. Suppose 

g: V + R  + is an optimal fractional cover with value ]gl = r * ( H ) .  

Define a set BC_ [O,1/(r-k+l)] k. First define ( k + l )  points Q I , " "  ,Qkl,Q2 in 

[O,1/(r-k + l)] k as follows. 

Q*l=(O, . . . ,O,1/(r-k+l) ,O, . . . ,O) ,  l < i < k ,  
Y 

i 

Q2 = k(r :-k-4- 1)' k ( r -  k + 1 ) ' ' " '  k(r-- k q- 1) ' 

Now define k intervals B1,... ,B k by 

and let 

B i=[Q~Q2], l < i < k  

B = B 1 U . . . u B k .  
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It is easy to check that under the theorem's conditions (r > ( k - 1 ) k )  for every 
k 

point 2 = (x l , . . . , xk )  E B and for every 1 < j < k we have ( r -  k)xj + ~ xi < 1. 
i----1 

Therefore the set 
k 

T(~2) = U {v C Ti : g(v) >_ xi} 
i : 1  

is a cover of H for every 2 E B. (Indeed, suppose on the contrary that  there exists 
a point 2 : (Xl , . . . ,xk)  6 B and an edge e C E(H)  such that eMT(~) : O. This 
means g(v) < x i for every v C e V]Ti, 1 < i < k. Let xj : max{xi :1 < i < k}. Then 

since [eMTil>>_l for every l < i < k  and le l<r ,  we have 

k k 

vEe i=1 i----1 

- -  a contradiction since g is a fractional cover). 

Define now a probability measure # on B. Let #~, 1 < i < k, be the uniform 

measures on the intervals B i such that #i (Bi )= 1/k, 1 <i <_ k, and let 

# = # 1  + . . . + # k .  

The marginal distributions of # are uniform on each of the two intervals 

[0, k-lk r-k+ll .] and I T  r--L-~-~][k-1 1 ' r-kq-ll ] . Note that the first interval is ( k -  1) 

times longer than the second one. Since every coordinate xi runs through the first 

interval in every BJ, j ~ i, and through the second one in B i, we obtain that  all 
marginal distributions #i, 1 _< i < k, are uniform on the interval [0,1/(r - k+  1)]. 

Now, if 2 E B is randomly chosen from B according to the measure # we have 
as in Lemma 1 

7(H) <<_ E([T(2)[) < ( r -  k +  1)T*(H). 

Using ideas similar to those in the proof of Theorem 1, one can show that 

7-(H) < ( r -  k + 1)T*(H). 

We omit the details. 

Proof  of Theorem 8. Let H = (V,E) be a k-partitionable hypergraph of rank at 

most r, and let (T1,... ,Tk) be a partition of V into k covers. Let g:V---*l~ + be an 
optimal fractional cover with value Ig[ =T*(H).  

The proof has a similar structure to that of Theorem 6. We prove the upper 
bound on T(H)/T*(H) by establishing the conditions required in Lemma 1. We 

present first the argument in the case when u = k2/(k + r) is an integer. In this 
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case t = k r / ( k + r )  is also an integer (u+t=k) ,  and so is w--r2 / (k+r)  (note t h a t  
w = r - k + u ) .  We have to prove t ha t  7(H)/'c*(H)<w. Let  

1 '00  
,. �9 . , 

t t imes u t imes 

\,L_,~_9 / 
k t imes 

and let B 0 = [Q1Q2]- For every point  ~ = (Xl , . . .  ,xk) E B 0 and for every 1 <_j < k 
k 

we have ( r -  k)xj + ~ xi _< 1 (the lef t-hand side is largest  when 1 < j  < u ,  and then  
i=1 

it equals 1). As explained in the proof  of T h e o r e m  7, this implies t h a t  the  set  

k 

T(~) = U {v e m~: g(v) > x~} 
i=1 

is a cover of H for every ~ C B ~ We may  proceed as in the p roof  of T h e o r e m  6, 

taking B C [0,1/w] k to be  the union of B 0 and its cyclic shifts and using uni form 
measures ,  verifying t ha t  the  marginals  are uniform on [0, l /w] ,  and concluding t ha t  
T(H)/T*(H) <W. We remark  tha t  this inequali ty can be shown to be  s t r ic t  except  
if k = r = 2 .  

In  the  case when u, t and w are not  integers, we give two const ruct ions  sat isfying 
the  condit ions of L e m m a  1, corresponding to two values of 6, name ly  61 and 52, 
where: 

I r 2 7" - k . .  k r  + O" - k ) [ t l  
- - -  + - - ~ - ~ u ~  = 

51 k + r 2k 

1 r 2 
- -  - -  + 1 - { u }  - -  [ ~ l '  

52 k + r  

First construction. The  ([t  1 + l ) - t u p l e  (PO,Pl . . . .  ,P[tl) ,  where  po = [w] LuJ and 

Pl . . . . .  Pftl = [t 1 satisfies the  conditions of Propos i t ion  2. Indeed,  let us denote  

by s the sum of the  Pi, i.e., 

ftl 

s = ~ pi  = L~J L'~J + Vtl 2, 
i----O 

Then  in order  to check tha t  each Pi <-s/2, it suffices to check tha t  

(i) [wJ Lu/< [ t ]2 
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(ii) [t] > 2. 

The first condition holds because w u = t  2, and the second one is easy to check, 
too. 

Thus, according to Proposition 2, there exists a (['t] + l)-dimensional random 
variable ~= (~0,~l,...,U[t]) whose values lie in the set 

[tl } 
El = (yo, yl , . . . ,YFtl)  E [O,2/s][tl+l : ~ p i Y i  = 1 , 

i = 0  

such that each rli, 0 _< i _< [tl, is uniformly distributed on [0, 2/@ Now, define a 
k-dimensional random variable ~= ((1,.. . ,~k) by: 

sLuJ 2rtl 
~ = k~ + (r - k ) [ t l  vo + k r  + (~ - k ) I t ]  

sFtl 
~[uJ+i = k r+  (r - k)[t] •i for i = 1 , . . . ,  [t]. 

for i = l , . . . , [ u J ,  

The parameters of this transformation were chosen so as to make (i, 1 _< i < [uJ, 

uniformly distributed on [-[~-61,61] and ~LuJ+i , 1 <i_< It], uniformly distributed 
k 

on [0,-~ 61]. The maximum (over 1 _ j < k) of ( r -  k)~j + E ~i is attained when 
i = 1  

1 <_j <_ [u J, and then its value can be computed as: 

~L~J 
(r - k + LuJ) k r  + (r - k) Ftl no + 

2rt] ) [t] s[tl 
kr + ~ ; -  k) rtl + ~.= kr  + ~ = k) [tl ei 

Vtl 2L~J rt l  s + 2L~j  [ t l  = 1. 
= ~ Y'~P*'* + k ~ + ( ~ -  k)Ftl = kr + ( r -  k)Ft] 

This guarantees that for every 2 =  (Xl, . . . ,xk) in B ~ (the range of ~) the set 

k 

T(2) = U {v E Ti: g(v) ~ xi} 
i : 1  

is a cover of H. The construction is completed in the usual way ( taking cyclic 
shifts) to conclude that T(H)/T*(H) < 1/61. 
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Second construction. Let 

( 1  1 )  
QI= [wl""Fwl' 

[~l t imes  ~ [tJ t imes  

Q2 = \ k i l l '""  k i l l  ] 
k thnes 

and let B ~ = [Q1Q2]. For 2 =  (Xl , . . . ,xk)  E B ~ the maximum (over 1 _<j < k) of 
k 

(r-k)xj  + E xi is at tained when 1 <__j < [u], and then its value is 1 at Q1 and is 
i=1 

~_~ < rt _ ~ = 1  at Q2, and hence is at most 1 at every point of B 0. The construction 

is completed as above, leading to the conclusion that  "r(H)/T*(H)<_ 1/62. II 

The difference between the theorem's bound and the bound in Conjecture 2 

stems from the indivisibility of k 2,r 2 and kr by k + r. This difference is not more 
than 1 for all values of k, r. 

In the first interesting case, namely, k = 3, r = 4, Example 2 (with r = 4) provides 

the ratio ~-rr~H)--~2 and so does Example 3 with parameters  (2,1,1). We managed 

to build a 3-partitionable, 4-uniform hypergraph H,  for which r*(H) ~ 2.22. This 

is still smaller than the conjectured bound 16/7. The best upper  bound we know 
for this case is 7/3, given by Theorem 8. 
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